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TALL BUILDING F FRAMES STUDIED MEANS 


OF MECHANICAL MODELS 


of tall 1 building the action of transverse forces, by 


use of a model, is contained in paper. Information is 


king as to the actual effects p produced vertical reactions and direct 
resses columns from such transverse forces when 


changing the relative width of size of girders or columns 


aid | of a ntaalead: model results may be found quickly and with reliable | 

“accuracy so far : as they | concern the trend of reactions for snail variation “ 


in design. — The only theoretical consideration utilized is the well-known 


also have practical val 


which “are more ace ecura accord with ‘true behavior than m of the 


admittedly “approxi imate ‘tele in common use, and without, at. the 
time, unnecessary sacrifice. in economy oO of material. 


reactions toon transverse forces acting upon bents of four ona ry 


columns having small connections of a pure bending type, with no diag nal 


 Norg. —Discussion on this paper will, be closed in April, 1936, | Proceedings. 
1Director of Civ. Eng., Univ. of Philadelphia, Pa. 
Ea Instr. in Mech. Drawing, Frankford High School, Philadelphia, Pa. __ abe 
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BUILDING FRAMES STUDIED BY MODELS = Pape 
a Until quite recently | the analysis of such a frame sak Ss wind | action sol 


theoretically either the them results in “satisfactory design for 
structures of ordinary | proportions. 


aon _ By the portal theory as herein understood the wind shear is assumed to 
ae 7 be so distributed over the different columns of the bent that the direct com- 


a. . pression in any interior column is equal to the direct tension, , so that the 
3 resultant direct stresses in interior columns are all equal to zero. _ The direct z 
sy wind stress is thus confined to the two exterior columns, being ‘compression in 


leeward, and tension in the windward, column, = 


eee By the cantilever theory as herein understood the wind shear is eum 
to be so distributed that the unit direct stress from wind in any column wiil 
be in proportion. to the distance of that column from the neutral axis of the 
nt, columns on the leeward side of this axis being in compression 
columns on the windward side in tension. cs This distribution is analogous to 


distribution of fiber “stresses in a vertical cantilever beam fixed at 


Various 1 modifications these two methods have been devised and u ised 


the method of moment In this case, again, 


have been employed, u usually i in the nature e of approximations for t the re 
- of abbreviating what otherwise would be a a lengthy and laborious | operation. — 


Ris | 1930, Henry V. Spurr, M. Am. Soe. C. E., advanced a method of oe 
“deflections®, recommended specifically y for very tall, ‘narrow towers, in which 
_ more correct theoretical basis is desired than is provided with either the et 
or the cantilever method, but where the limitations of the slope deflection and 
a moment distribution methods, both theoretical and practical, render them 
_ undesirable, in the judgment of the designing engineer. 
This method is based primarily upon the assumption that vertical reactions 
es ee and direct column stresses from wind are in accordance with the cantilever 
“theory but with the further condition that sizes of girders and ‘columns must 


be adjusted so as to render such an assumption justifiable. is clear 


| 


be required in order to assumed, 
a eae As the time necessary to perform a complete analysis of a tall tower by 
any theoretically exact method precludes its. s application t to ae considerable _ 
number of frames of. varying proportions, in order to determine convincingly 


_ the actual trend of reactions and stresses, the plan was conceived of ; determin- 


- ing vertical reactions by means of a mechanical model of simple and economical | 
construction and, at the same time, capable of ready transformation from one 
set of proportions to another, so that a maximum number of cases “might be 


considered | in a minimum time. The scale ratio of model to prototype was 


1 to 60 for 12-in. bents and 1 to 120 for 6-in. So. 7 Via 
Rake Bracing”, by Henry V. ‘Spurr, N 
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TALL” BUILDING FRAMES STUDIED BY MODELS 

Description AND Use or 

: __ The columns and girders of this ‘model _ were composed of strips of steel, 

al g in. wide and of varying gauge thickness, | to produce the desired ‘telative 


values of moment of inertia. each intersection the and the 


4 


‘of 3 in., and forced down upon the joint, one notch receiving the column and 


the other the girder so as to hold - ‘them firn ou 


rmly out to the edge | of the 
block. _ The bending was thus confined to the aaa length + of column L OF — 


between the blocks t two adjacent joint. 


4 "wires ‘suspended from | a gallows frame located at a point about three-fourths 


‘ the distance from \ the base to the top. A special | device was used to prevent 
- rotation at the base of the column that was not clamped dow m. An micrometer 
screw w was used to move this column longitudinally through a known distance — 
(usually 0.005 in.) ° ‘and the transverse movement induced at any desired floor 
was. observed by a a micrometer “microscope. the familiar Maxwell principle 
the ratio of the transverse movement to the vertical | “movement Was sequal 
EE. the vertical reaction produced at the column under observation by a _ trans- 


verse force of unity applied at the floor in question. 


to a a table, being laid flat t and being held. clear « of ih table by 


‘Fig. 1 illustrates the construction and use of the model. Obviously, by 
a up members of one or ‘more properly selected thicknesses of material, % 


any desired relation between values of moment of reasonably 
i or each ease considered, vertical reactions were found a each column — 
from: a load of unity applied at of several different floors. By varying 
: - the relation between moments of inertia, it was possible to find: (A) The 
actual ‘weetlesl reactions produced with any assumed form of bent and 
desired size of members ; (B) the relative values of moment of inertia in 
members necessary to produce the cantilever relation of reactions; nd 


the relative values of the same function necessary to produce agreement 


ee The results, while not intended to be exact ‘quantitatively, do show, unmis- 

hake takably, the qualitative trend of vertical reactions | for assumed variations 

core in size of members and proportions. of bays and, it is believed, g¢ give e quantitative 


results closely enough to to justify conclusions as to the relative values of 


To drawings ‘40. facilitate in discussion, ‘the 

following symbols have been adopted for use in this ‘is paper: 


ratio of ‘the moments of of girders: — ; a sub- 
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= girder; Gi = interior girder; Go = in the outer 

I= moment of inertia; ‘Ee = moment of inertia a of the girder in 

the inner bay; Io * ‘moment of inertia in the outer 


L = center-to-center span length of a girder; Li Se oe: 
inner girder ; 3 Lo = = span length of outer girder 


The “Major part of the study dealt with 4 column bents. ‘This type” of 


with a thickness of 0.019 in. reactions, Re and R,, for this case 
at the four columns, force of unity at the 19th, 15th, 
and 5th floors, respectively, are shown by curves in Fig. 2(a), 1 which indicate — 
a uniform behavior that interpolated values for other floors may safely “a 


be assumed. ratio. of the moment of inertia of the i interior girder, Gi, 


‘It ‘was seen ‘that interior reaction was opposite in from the 
exterior reaction on the same | side of the bent and was of a relatively small a> x 
“magnitude. Taking average outer as 100%, the average interior 
reaction, Ry Rel, was shi 15 per cent. 
Case A- 2 was like Case A- 1, except that all center girders were made of 
on strips, each 0.019 in. thick, thus making the m moment of inertia of this" 
girder twice that of the side ‘girders ; that is, 2. In Fig. 2(b) the 
of | this change is seen a plainly in» the reversal in character of the interior reac-_ 
; tions, 80 that each penal of the same kind a as the outer reaction on the same 
side of the bent. The average interior reaction, © became about + 33% 
the average exterior reaction. This happens to be exactl the relation 
the cantilever theory in a bent with equal and wal same 
A-3 -3 was like Case A- except ‘that all center were made 
three strips, each 0.019 in. thick, making their moment of inertia three times. ch 
that of the outer girders. reactions of inner columns in this” 
Fig. 2(c)) increased still further to “approximate equality outer reac- 
the average value being about + the latter. 


a wt 
a 
| bay; and Series C contained bents with a narrow center bay. = 
. = In Series A, all bents were 12 in. wide, with three bays of 4 in. each, and ia ae 
with 19 stories of 24 in. each, making a total height of 474 in.—a height-to- ey - 
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‘one, 0. 038. in. thick, making their moment of inertia nine times that of 


the side girders. ‘The interior reactions then were “greater than the side 


-Teactions, having an average 1 value of about 169% of the latter (Fig. 2(d) 


me Case A-17 all center “girders” were made of two : strips 0.038 in. thick, = 
and one, 0.019 in. thick, ‘making t their moment of inertia seventeen times that 
of the side. girders” (Fig. 2(e)). The interior then became more 
a than double the outside reactions, having an average 


All the foregoing cases are summarized in Fig. ey of i tt as pnairnens 


being plotted against the ratio, Ri ‘The points plotted lie on a reasonably 


"regular curve \ which ¢ ‘crosses the abscissa that ratio for 


cantilever- theory ratio of ‘reactions, the center a “bent of hei pro-— 
| portions « assumed must be increased until their moment of inertia is about = 
twice that of the side’ girders. The « curve crosses the Y-axis at a point 


times that of the side girders, which means that such a relation would pr pro- 


» _ sponding to a moment of inertia of the c center girders about one and one- -third Ma 


_ duce zero reactions for interior columns: and would thus agree with the portal- — 


theory distribution. If a all the girders were designed for their vertical 
only, their in length of ‘span would to a ‘moment of inertia 
a 


found to agree ement with the portal-theory 

__ Three special cases of Series A were studied: A -la, Fs 1b, and A- Te. 
Case A-la (see Fig. 2(f)), all girders and columns were made 0.038 in. “thick mi 
instead of 0. 019 in. as in Case A-1. The results were exactly similar to on ie 
of Case . A-1 inner column reactions — — 19% of the outer ‘reactions, com- 


pared with — 15% for Case 1, and again being of opposite character 
outer reacti ‘the ide of the bent. 

e outer reactions on e ‘same side of the bent. 

“1 | an Cases A- 1b and A-1c (Figs. (2g) and 2(h)), all the girders were aioe 
0. 019 in thick as for but the columns were varied in 


inner ¢ columns remained 0.019 in. thick Case A-1b, but the outer 


. einen were made 0.038 in. thick, their area thus be being double and their > 
"moment of inertia eight times that of the inner columns. behavior was 


exactly s similar to Cases A-1 and A- -la, except tl that the mo of the i inner reac- : 

tion was increased to — 383% of the outer reaction, remaining opposite | in e.* 
character from the latter on the same side of the bent. 


Pri In Case A-lc the outer columns were made 0.019 in. “thick and the inner 
columns, 0.038 in. thick. The effect was to reduce the inner reactions almost 
to remained of opposite from those | on ‘the out- 


Al 


by the cantilever ant such a an increase in n the a area of inner should 
greatly increase their ‘reactions relative columns” and, at the same 


reactions should be + 67 % of outer in order to accord with 

the cantilever- -theory relation, whereas they 1 were — 38% by the model. 2 On the 
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1936 TALL BUILDING FRAMES: ‘BY MODELS 
7 ia hand, the model showed Case A-1c as agreeing almost exactly with 
portal theory, in which inner reactions a are assumed to b be was 
- or by Case A-2 that it was only necessary to double the moment of inertia 
a of sacdiccaygr’ girders to produce the cantilever- theory relation of reactions. 
_ It appears, therefore, that, in order to adjust sizes to accord with the canti- ; 
lever theory, the changes may be made more effectively in girders than in 
Series: D consisted of bents all 6 in. wide, w ith three eg bays of 2 ‘in. 


8 to 1 (see Fig. 4). D- 4, with all girders and 
columns 0.019 in. thick, agreed very closely with Case A-1 for the 12-in. bent 
having the same sizes. he inner reactions were of opposite character from 
_ the outer reactions on the same side of the bent, and their average value was > 
q — 18% of the outer reactions, as compared with — 15% for the 12-i “in. bent. 
‘Case D-2 with center girders | of two strips, 0.019 in. thick, showed 


behavior similar to Case A-2, the inner reaction being changed in character, a 

but its value being only about + 1% of the outer reaction, instead of + 33% 

as for the (12-in in. bent. Cases D-3 and D- 9, with ratios of center “girders to 

side girders, respectively, 8 to 1 and 9 to ‘1, showed the same ‘trend as 

Cases A-8 and A-9, but w ith relatively smaller | average values of the inner 


Fig. 3(d) that for Series D the of the center 
girders must be about two and one-half times that of the . side ‘girders, i 


order to: produce. cantilever relation of reactions. This increase over the 
3 required ratio for Series A (2 to 1) is doubtless due to the fact that the 6-i in. 
= having shorter bending lengths of — than the 12- in. bent, is rela- qe 


‘The D- -curve crosses the X-axis at a point where 4 is to 1 


_ This compares ¥ with 14 to 1 for the 12-in. bent of Series A, and again shows 
a good agreement with the portal theory, which | would a ratio, 
of 1 to a but it is a further « evidence of the effect of the more rigid 6- “in. bent. ey 


with bents: 6 in. wide and with ‘Stories the same as fo Pig 


"were varied in ‘size, increasing ng from the top to battens of the bent. 


In Case E- 1 (Fig. 5(a)) the size of the side girders and the center girders" 
was the same at any floor. ‘ Calling the moment of inertia of the top floor 


unity, the value of I for the floors below - the top floor increased gradually to a 
relative value of 8.0 at the bottom. The resulting inner column rections 


practically : zero 2% of the outer reactions), almost an exact agree- 


Case -1.41 (Fig. 5(b)) was like Case a, except that the center girders 


were increased in such a manner, er that the total sum of their I- values was 1.41 
the sum of the J-values for the side girders. The inner column reac- 
ons were still very small, but the increase in the center ree was st 
to reverse their ‘direction and to 


ide column reactions. : 


— 

* 4 

a 

— 

4 

— 

| 

| 

— 

| 

; 


i 


“TALL BUILDING FRAMES STUDIED TED BY MODELS Papers 


10th Floor 


a 


sth Floor 
of 


= 


19 @ 474; 


Load of 1 at each Floor 
All 0.019” Thick 


round reer 
vary 


CASE E-1; REACTION DIAGRAM; i=1; R;=-2% 


(b)CASE E-1.41, REACTION DIAGRAM; i=1.41; +11% 
19th Floor 


Floor 


Load of 1 at each Floor or 


Ground Floor 
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J H2 (Fig. 9 was Tike Cases E- 1 and . -1.41 « except that the center 


sum of all their moments of i iner- 


inner column reactions was now increased to + 34% of the side column reac- 2 


tions. This agreed with the cantilever theory relation that, for both 


Series A and Series (see Fig. 5(d)), the latter relation required the 


of inertia of the center ‘girders to be about double that of the side girders. 
For Series D (Fi ig. 3(d)) the 23 to 1 instead of 2 to 1—a very 


rane The summaries for Series A, D, and EB are strikingly similar in form and — 
reasonably i in accord as regards their relation to the cantilever and the portal 


reactions, respectively, | being» much more nearly in accord with the 
- latter, if the center and ‘side girders are designed for vertical loads clone, 


and are, therefore, of equal size 
_" Series B (Fig. 6) consisted of bents 12 in. wide, with bays 3 in., Sm, ’ 


and 3 in. in width, the story arrangement: ‘as for 
Case B-1 (Fig. 6(a)) had columns and girders 0.019 in. thick throughout. a 
were similar to those of Case A-1, but much io in extreme 


the latter. B-2 was like Case B- -1 "except center 


_ had a value of I double that of the side girders. Inner reactions had the same 
character as for Case B- i, but were reduced in magnitu de to — 46% of the 


inner res reactions were changed i in character and attained a magnitude of 18% 

of the outer reactions. Case B-17 was s like the preceding « cases, but with 
seventeen times as great as Io. ‘The inner column reactions became + 46% — 

of the outer reactions. the cantilever- -theory relation for this case was 
80%, ‘it would ‘evidently be necessary to increase = ratio, i, even n more, eS 

or er to rea ize is rela ion 


Series B (Fig. shows that the the center and 


the side girders must be about : 18 to 1 in order to develop reactions in agree- 


‘ment with the cantilever theory. ‘The curve for this series crosses the X-axis 
at a * ratio, a, equal to 7 to 1. If designed ay loads 

to thee are ‘not quite in ‘agreement with the portal theory, the 


-Teactions for this bent, w with girders: designed for vertical loads alone, are 


‘much more nearly i in accord with that theory than with the > cantilever. cme © 
A special case (B-1a) of this series was considered: In it, columns were ay”. 

~ kept 0.019 in. thick as for Case B- 1, but all: girders were made 0.038 in. thick. 2s: - 

Boos result was | similar to Case B-1, but t with a reduction 1 in value o of f the naan 

column reaction to — 56% of the outer (see Fig. 
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7 Series Cc had 12-in. bents with the same of Boon as for the 
other four column series (Fig. 6(g)) but with bays in., 3 in., , and 43 in. 
wide, respectively. Case C-1 had all columns ¢ girders 04 019 in. thick. 
As might be anticipated, the i inner column reactions in 1 this | case were too 


ail 


large. They had the same character as the outer reactions on ‘the same side, 


and their value was about + 16% of the latter. 
_ Case C-2 was like Case c- 4 except that the outer girders were increased | —— 


so that their moment of inertia was twice that of the center girders, their an 


section being two strips, 0. 019 in. . thick. — This reduced the center reactions __ 


a! practically to zero. From Series CG, ‘Fig. 3(c), it appears that the I- value of s 


side girders: should be about 1.7 times that of center girders to produce the 
cantilever relation of reactions. If designed for vertical loads. alone, the ratio,—, 


should be about: 2} to 1. For agreement with the portal theory. the ratio 


is about 2. to 1 so that, if girders are designed for vertical loads only, the. 
"agreement is s much more > nearly with the Portal than with the cantilever- 


“te 


Summarizing the results of the study of ‘the 4- column bents, the towing 


With equal bays, 2 all columns being of the same cantilever 
relation of reactions can only be | obtained by making the moment of inertis of 
the center girders approximately twice that of the side girders. 
 Q) Increasing the size of either inner or outer columns has relatively 


4 less effect upon the Teaction ratios than a change in girder r ratio. arrem , 


With a | wide center bay, the relative size of center in 


(4). With a ‘narrow, center bay, must be greater than Ip in order to 


@) In| any of foregoing ¢ cases if girders are designed for vertical 


only with assumed in proportion to the square the span 
length, the reactions are more nearly in with the portal theory 


than with the cantilever theory 


In Fig. A the reaction ratios for 


for loads only 


7 


from ‘Sais: ACB, and C, as plotted in Fig. 3. 
ii Abscissas are the ratios of i inner to outer bay and ordinates are the ratios 
oti inner to outer column reaction, Ri. Apparently, these curves can never 


‘intersect. Curve A is necessarily always positive and Curve B is always” 


negative for the eases considered. Hence, if 


designed for vertical loads only, inn 


— 

| — 
— 

7 

| 
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= 


character from outer reactions on the same side, and cantilever theory reac- 


tions can never be developed except by | increasing . the moment of inertia, 7 ie 
of center increase required for the cases considered, “in as 


on os is ‘seen from this tabulation that Series C ; is naturally most elt in 


to hon With This Point: 


State Model 0. 64 


~ Constructed Series C (C0. = 


0 


is seen that a ratio, —, outer to 


— 
— 
— 
— 
| 
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— H 
— 
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‘i inner bay of about 1.28 to 1, the ratio, 7, is 1 to ‘Thus, i if is 
about one and -one- ‘fourth times the center bay, cantilever Teactions will be 


developed ‘automatically when the ‘girders have equal v: values of I. To verify 


the foregoing deduction, a a a model was ‘made with bays af in., , 3g in., and 
in. (ratio, 1.28 to 1), ‘using 0.019-in. thickness for all and 


(Case XC- The reaction diagram i is shown in Fig. 9. 


of reaction, to outer r reaction was found to be 28. 8. The percentage 


"moments of inertia for Case XC-1 should have a ratio, i i, of 1. 64 to 
to produce cantilever- -theory reactions the moment of inertia the center 
-_sinder would have to be increased sand 649, above that required for vertical Satie 


1, Side Girder 0.019" Thick 
Jo. 1. Center “ef 


Ds Diagram; Case XC — 1; += 1; and + 29 
| a model in 1934 by the method of equal deflections and 
"tested by Clyde 'T. Morris, M. Am. George E. Large, Assoc. M. 


Soc. E., and Samuel T. Carpenter, Jun Soe. E,, the average 
; ratio of experimental. moments in the outer and inner girders for the 3d to the 


18th floor, inclusive, 1 was s found to be about: 1.21 to 1, whereas the ratio, 1, of 
stan ‘moments of inertia: was 4. 88 to 1, the mean of these values being 1. 55. ae 


produce -theory is seen (Fig. to be about 1.68 to 
This is an interesting | comparison of the behavior of the two models. The tests 
were made at the Engineering Experiment Station of the Ohio State Uni- 


versity in co- co-operation. with the American Institute of ‘Steel Construction, 


x November, 1934. ‘There i is also a Second Progress Report 01 on this study (“ ‘Tests 
ofa ‘Steel Model of a 55. Story Wind Bent”), which was s published i in mimeo- 


In addition to the foregoing study of 4- -column ment, limited 


study (Series F) wa was: also made 6- 


— 
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elucidate deo. ‘method of equal ‘deflections. * bent with 
_ unequal widths, the center bay being wider than the others and these latter 
being equal. The ¢ columns were of different | sizes, A height « of about n nine 
re eo the width of bent was used, 80 stories being assumed, and the girders 
‘ Se in the different bays were adjusted in the application of the method of equal 
deflections in order to accord with the preliminary ‘assumption of the canti- 
In the model used for the : study « of 6- column er width of 81 in. " with 
ot 1%; in., lis in., in., 14% in., and in., was assumed, a height 
- of 7144 in. in 31 stories of 2-5 js in. each. These proportions simulated those of 
the aforementioned 6-column bent, except as to the number of stories. Thick- = 
nesses of columns » from ot outside to center, were, respectively, 0.019 in., 
0.026 in., and 0.080 in., agreeing as closely as as was I practical with 
In Case F-1 a single st strip, 0. 010 in. used for all in 
‘Com thickness of center girders was increased to tw o strips of 


strips, 0.019 in. and the adjacent girders to two strips, , 0.019 in. 
the outside girders of one strip, 0. 019 in. thick. These Sizes 


TABLE —REaction Ratios ror Stx-Cotumn Bent (PERCENTAGES) 


ose of the other 


equal deflections. In case the percentages for all 


agree surprisingly | well with those of the cantilever theory, which was a 
-* ndamental assumption in in the method of equal: deflections, and thus verify : 
the correctness of that method ‘of adjustment of Girder sizes. to accord 


_ If girders were de: designed for vertical loads only, with “moments of inertia 


; in proportion to the s square , of the ‘span length, the proportions of I- values for 
he the side girder, second girder, and center girder, ‘respectively, would be as 
1:1.7. These: lie between the ratios for Cases F- 1 and 


> 
= 
q 
: 
I 
— 
— 
— 
— 
— 
— 
— 
—— ble 1. It is seen 
n reactions are reversed in char 
ide of the bent. For Case F-2, ter and reached 
n the center bay these inner reactions 
in the center bay 
— ag 
— 
— 
— 
— 


rders would be about as 100%: 40%: 0%. 
This seems to indicate that, if girders are designed for vertical loads only, 
the inner r column reactions for this 6-column bent will accord very -y closely 
those of and will aad of with the 


considering Table. 1, the probable relation of column ‘Teactions for this 


he natur an 
natural tendency of both + -column and 6- column dents in which | 


more in with the portal ‘than with t the 


(2) In order to make an assumption of the cantilever- r-theory distribution — ; 


of vertical reactions justifiable, it will generally be necessary to increase the 


| 


"greater the center girders, ‘but ‘such bents. po accord more 
; with the cantilever -theory relation than bents of the foregoing types. as = 
If the assumption of cantilever-theory _teactions is desired for any 
reason, a carefully constructed model should furnish, a a ‘priori, 
a8 to the probable percentage of i increase in the I-value of any - of girders | i 
n order to develop the assumed relation of reactions. 
a, ‘Tf a minimum adjustment of girder s sizes for wind stress is desired, 


ty such | a model should furnish a reasonably | close relation between the reactions 


columns in any story, were in the same proportion as vertical ‘column reac- 


3 rational design. _ This might necessitate assuming that, direct stresses in = 
tions, but this should not be very far from the truth. 


column in the ‘foregoing study was always assumed to have the | 
ee ‘size from top to bottom. It i is not believed that a normal variation in such size, 
increasing toward the bottom, would greatly vary ‘the general relations 
discovered and, of course, the sizes of columns in different stories could readily ve an 
= varied at will i in a model of the kind herein described. It is to be remem- 
a _bered that the p purpose of the study was to learn trends wether than true quan- : 
titative 1 values 0 of. reactions for varying ‘proportions of bents. It is thought, te 
that, with great care in determining the thicknesses of material to 
ae with the sizes of an assumed design, and with care in in assembling the 
model, particularly as regards t the tightness of fit of joint | blocks, reliable 
quantitative values may be obtained. 
Where the model is made with considerable bending iii of girders and 
therefore, : relatively flexible, the results are most. satisfactory. Tt is found 


- that f for such a case the micrometer screw actuates the columns through the 
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4 
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4 
rders and may be prohibitive from a standpoint of economy. — For bents ee 
‘ ith equal bays, the center girder will require a moment of inertia approxi- a 7 rc a ee 
Mately double that which would be required for girders designed for vertical 
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a floor n need be observed with: the microscope. tlie bent is narrow, with 
girders, its greater rigidity may cause a a beckward ‘Movement of the screw 

where. it is clamped so that the actual siding of the ‘column i is less than the 
nominal movement of the screw. In a case, two microscopes may be 
Ae ‘used and both the horizontal movement at a floor and the vertical movement ay 
of -eolumn observed ‘simultaneously. Their ratio will | give the true 

i Boe tion. It is strongly recommended that models with excessively rigid members | 
Se te avoided, as liberal a width of bay as as practicable. being adopted, so that . 


degree ¢ of reliability. — 
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‘Thr 

4 stand the problem of resistance in turbulent. flow, but only i in recent years has 7 


satisfactory analytical basis been laid for such ‘research. ~The purpose a 

this” paper is to sammarize and interpret the modern scientific ‘methods 


of approach that have m made such ] progress possible, using the subject } of flow 

in n circular pipes as the simplest and most pertinent means of illustration. — 


“the inner mechanism of. fon is then followed the laminar ‘stage 
through the critical zone and well into the Tegion of high “Reynolds 
numbers ‘for both smooth and h The Prandtl -von Kérmén theory 
; of the mixing length, tl significance of ‘the laminar boundary layer with — 
-- rel tion to surface roughness, the latest experiments: on artificial roughness, — 
von Kérmin’ Ss “universal ‘relationship between velocity d distribu- 


and 1 Tesistance to flow, are ‘finally ‘treated in terms of the foregoing ¢ dis- 


—k 


cussion of the mechanics o of fiuid motion. The notation mn used in the ‘paper is 


For many decades ‘the complexities of turbulent motion in fluids 
so baffling to engineers a. and scientists alike, despite great progress in 
fields of mechanics, that until recent years little had been accomplished toward 
placing the study of turbulent phenomena upon an ar analytical basis. Asa 
= “result, hydraulicians have been forced to rely toa great extent upon empirical — 
relationships for the expression of. energy loss due to turbulence; as 
cS empiricism is at best a rather haphazard means to an 1 end, such | relationships — 
themselves are seldom likely to suggest. the correct nature 


iy 


NOTE -—Discussion on this paper will: be closed Proceedings. 
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physical principles. ‘Thus it is that the of hydraulics now finds 
itself ‘somewhat hobbled in its thought by those very methods which oom- 
tributed greatly to its prestige in past generations. 
, Hence, it is only logical that the first - successful approach to the analysis 
eek of turbulence should have come from scientists endeavoring to further the - 
development of a new engineering field. Aeronautics recently found itself 
confronted with a vast assortment of suablonne in fluid motion, not the Teast 


which dealt with turbulent formations; 4 as new profession w was 


needed assistance. "Astonished as m many engineers may have been who had 
learned to mistrust the ideal notions of classical hydrodynamics, a new and 


Since turbulence is completely general in its 


on a sound basis aR: also turned with unabated zeal 
field of pipe flow, and it is only to the advantage of f hydraulic engineers that 
= give serious heed to recent progress in in various parts of the world. As the 
purpose of this paper is to summarize and interpret the most important of 
these pine. in their application to Pipe resistance, no o attempt has been . 
made at a proper historical treatment; however, abundant references are 
T° given in the several texts and papers listed i in the footnotes, of which probably — 

- the m most lucid and complete account is that presented by L. Schiller’, in 1932. 
The first great forward strides were made by Osborne Reynolds in the 
early Eighties « the: Nineteenth Century through his investigations of 

laminar and turbulent resistance. Although these contributions to the e science 

were e forgotten for many years, his discovery of the dimensionless parameter 

which now bears his has” given the world perhaps most valuable 

‘means of flow analysis. The Reynolds number is one of three dimensionless 

‘parameters applicable to the ‘general movement of fluids: in which the factor 
_compressibility—or elasticity—may be ignored®. The quality these 


cnumbers is such that any two geometrically similar systems of flow are also 


Froude, , Reynolds, Weber, are numerically equal in each case. 
similarity, in turn, is that condition prevails if oll ‘corresponding 


forces acting in the two systems are in n the same ratio to each other: as 


d 
 jnertial qualities of the existing state of motion. . That is, according to 
a Newtonian principle of momentum, the action of any force upon a given | 


of matter will ‘produce upon that mass” a ‘certain: rate of change of. 


 4“Strémung in Rohren”, Handbuch der Experimentalphysik, Band Ty, Tell, 


— a 

— 
the methods uld mechanics is fully as applicable to problems of hydraulics 
‘ 
— | 
a 
— 


in aries F denotes the active force and ———~ a4 


Vv) 


is ‘only three basic and tes those 


due to “gravity, viscosity, and surface tension—may act to produce such a 
rate of momentum ; of these, only the action of viscosity may influ- 


similar ‘pipes of uniform diameter to be dynamically similar, all 


5 corresponding viscous forces. in the two bear 


of rate of change of momentum, this inertial term. character- 
istic of uniform flow is the rate of p passage of momentum, or the momentum > 
of a unit volume of fluid multiplied by the volume passing a representative 
cross-section per ‘unit: of time. Expressing | this inertial quality by the 
symbol, it ‘becomes, in general of d ty, velocity, length, 
arl force, since the of viscous shear equals p — 


must have the dimensional character: 


- 4 


L, V; py L, V2 


Me 


dynamic to obtain between the two geometrically 


q be identical numerically i in both ch the Reynolds num 


= 
a? 


a January, 1936 -MECHANICS OF FLUID TURBULENCE 
:.. , the equal and opposite inertial a 
— 
| — 
— 
— 
— 
according to the Newtonian equation, these inertial characteristics 
| 
‘ 
‘ — 
aq 
— 
— 
— 
o 
q then becomes, through substitution of Equations (2) and (3): 
— 
— 
| 
_ Thus, in order for 
4 
ill 


The parameter, ‘may have any y value, of 


which ‘the investigator may care to select, so long as he is consistent in its 
use throughout the investigation - Obviously, the characteristic length which 
selects will determine the final numerical ‘magnitude of the 

‘ number for a given set of conditions ; otherwise, the number will be fixed, 
regardless of whether metric, English, or any other ‘units are used, 
a purposes of uniformity it is customary » in pipe studies, to use the diameter 


The Reynolds | number i is form the 
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is Reynolds number will diminish. Asw will 
-_ the larger the value of R, the larger will be the tendency toward instability a | 
flow; conversely, the smaller the value of the Reynolds number, the larger 


will be the stabilizing effect of f viscosity. The magnitude of this 


established for ‘Purposes of comparison. Furthermore, if R has the 


5 numerical value for movement in any two geometrically similar p pipes, = | 


4 x may may be certain that general conditions of flow in both pipes are identical, 7 
‘regardless: of wide variation in diameter, velocity, density, and viscosity 
between the two systems. lt is customary to write the Reynolds number in 


re. he form, R = ; one must “remember, however, that the kinematic vis- 


"ey 


 eosity, ¥ = Fis a ratio atio of two independent f fluid properties, each of which 


ee) ates, The motion of a fluid passing through a pipe is resisted by a certain tan- 

AN _ -gential stress between the fluid an and the pipe walls. Denoting this wall Il stress J 

unit area by the customary symbol, To, it is reasonable to presume ‘that 
the magnitude of the resistance will be a function of pipe diameter, density, 


viscosity, and average velocity ; wall roughness will be omitted for the time 


and being, on the a pipe is very smooth; that is, 


or, for that th the function i is exponential : 
the dimensional analysis, the form of this function 
be found by ine: the terms of Equation (9) in general M-L-T units 


ie 
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~The iat unknown exponents, 2, y, and 2, are found in terms of the fourth 


unknown exponent, n, by the solution of three simultaneous equations, thus: 


et 


:= 


7 values for, Ys and zin Equation (9), lee 


which may also be written in the form, ¥° 


iy ‘the first fraction is seen to be a 

divided by the Reynolds number to the. power, (2 This fraction is equal 


numerical constant, 


Inasmuch as s the “resistance | exerted ‘upon any portion of the moving fluid 


4 the next, the pressure gradient for sendy flow in a horizontal pipe of uniform 
- diameter may be written in terms of the total shearing f force along the sur- 


‘wel thas 


which the equation for lost head ‘in pipes “may be derived, 


— 
— 
— 
a 
= 
— 
— 
Be 


| 


a the pipe pe slopes, a a further change in pressure intensity from one e section 7 
to the next is essential to balance the longitudinal component of the fluid 4 


two. ‘normal s sections, will be clear from Fig. 


4 


am 


that this occasions change i in ‘the between | 


wall shear and that portion of ‘the - pressure drop with which ii it is 8 in equilib- o 


"pumping | or of dineet feed from a reservoir; the state of flow at a given sec- 
tion is completely defined once the Reynolds number is known, and is inde- 


pendent of the ‘magnitude of ‘the static pressure load upon the 


es weight of the fluid (note the open manometer columns i in ‘Fig. 1, in a system . 


presumed » to be entirely confined by | pipe pe walls), this a again brings into the 
a picture the force of gravity, which has just been shown to have no influence — 


FUR, 


the flow itself. Unfortunately, the slope « of the hydraulic. gradient is 
a function not only of the Reynolds number, but of the Froude number as 
-—well—and only if both numbers are the same, respectively, will the = : 
lines of two. different systems be g geometrically similar. Since’ the Frou 
4s Pak number refers to flow with a free surface, and actually has no relationship. 
with the inner mechanism “of confined flow, no further “mention 
weight will be made in in this paper, and Equations (13) and (16) 
be considered the basic expressions ‘for pipe resistance. 
developing Equation (15) the assumption is made that the 
intensity varies statically across any normal section of the ‘pipe. That this 
“must be “true e will be seen from the fa et that neither shear “nor acceleration 


that “necessary to compensate e for the change in elevation from one 
_ to the next; that is, the pressure distribution must be static. Thus, the aifer- 


: sr in pressure per unit length for any cylinder of Guid within the pipe 


see 2) must vary with the square of the radius, r of the 


— be 
— 
— 
| 
= EK 
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for the general movement of the 5 | 
| 


19386 MECHANICS OF FLUID ‘TURBULENCE 


the shear along the outer surface of the | fuid cylinder, Equation (14) ‘ma 


‘Equation (a5) will then become: 


~ 


In other words, ‘the “ adjacent layers ‘of fluid 


co- axial with the pipe wall will vary directly with the d distance from the axis 
| of. the pipe, as ‘plotted in n Fig. 2. is upon this very general relationship, 
which holds f for laminar and turbulent flow in either smooth ¢ or r rough pipes, 
the flow is laminar (that is, if the shearing s' is purely viscous, 
according to the relationship, + = — ), means are now for deter- 
_ mining the velocity. distribution i in terms of the wall : shear. . Introducing the . bp 


4 The of the constant. of may be through of the 


condit 


wher 


| — 

Xpressing_ the nine diamoter as twice the radius, 7 

| 

| 

&§ — 
| 

(4) 
— i 

— 

— 
— 


Sinoe th the of a paraboloid of is -half that of a 
scribing cylinder, velocity must be one-half the maximum Ba 


eee ee ee 


substitution. of (98) in (18) yields the funda- 
mental dimensionless relationship for laminar flow, 


e pro em 


in within case the exponent, n, must have a value of unity. 

w is thus fully solvable mathematically. 
Abundant experimental data exist to vindicate these expressions. For 


# instance, a logarithmic plot of to against V, for a given pipe and a given 
— results 3 in a single straight line with a a slope of unity for the a : 

_ laminar range. - Once turbulent flow has begun, however, the slope of the line 

(see Fig. » fro ‘to varying from =t 15 for 


q 


fen 


Lower 


 Coeffic 


smooth pipes to a pipes are — rough. 


Aside from this elementary although highly instructive knowledge of the 
oo ignificance of the « exponent, n, such a plot is of little aid in drawing general. 


onclusions about the relationships between various ‘systems of flow. The 


eu rve is not applicable | to more than the one pipe and the one fluid for which © 
‘determined ; nor is it of use in other dimensional systems without 


Those engineers who have followed the publications of in 


Which the metric is used will readily the superiority of dimen- 
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the 1 use of dimensionless parameters often enables the feoestigater’ to ‘discover 
very general principles which otherwise would be obscured in the maze of 
experimental data plotted in dimensional form. For instance, Equation (16) — 
may be rewritten in through solving for f and combining 


“This expression for fe 


ordinates for plotting on a 
variation of the coefficient over the widest possible range of pipe diameter, 
velocity, viscosity, and density. The form of such a curve » for ‘smooth | ‘pipes: 
(Fig. is probably already quite familiar to the ‘majority of ‘engineers, 
Lows efficacy i in co- -ordinating the results of many investigators is undeniable. — 


Despite the many points: ‘in favor of this method, engineers are w wont to 
rotest that t although such a curve is excellent for very smooth pipes, almost ” 
no pipes used in engineering projects are smooth enough to fall within this 
= class. Moreover, the few attempts that have been made to. bring commercial 
‘rough pipes into such a general relationship have not ‘met ith 
success‘. As a result, the treatment of ‘roughness by engineers has 
In order” answer ‘such an argument ‘emphatically, it is only 1 necessary 
to cite the progress that ha has been made t the > present century ir in “this very 
attempt at generalization. Although the results are quite well known, s so far 
as smooth pipes are ¢ concerned, ‘its should prove encouraging to the » Engineering a 
Profession to know that progress in the study of rough pipes is continuing ie rv 
successfully a fully equivalent rate. Research of the present day is 
emphasizing more and more the general nature of the problem, in an attempt — 
to determine universal relationships which will include every type of ‘pipe 
- that is known, under all ‘Possible: conditions. It is with the present status a 


of this research that the remainder of this p paper will deal. ions viemahes ‘chase 
Paysican CHARACTERISTICS OF Torsutence ay 


Attention has already been called to the fact that the Reynolds number 

: isa direct indication of the relationship between the inertial qualities of the he "a 
flow, which tend toward instability, and the ‘viscous qualities, which have a 

Stabilizing i influence. Reynolds’ original visual | experiments to determine the 
1 velocity- - —that point at which laminar motion changes 1 to 
motion—were "splendid d illustrations o of the growth | instability. 
Reynolds’ consisted of a | large: tank of still liquid, from which 
led a glass: tube w 
to regulate the ‘introducing a thin filament of ‘dye at the 


“entrance of the tube during discharge, the condition of the could be 


@. 


“Blemente der technischen Hydromechanik”, von R. von Mises, I. Teil. B. 
Teubner, Leipzig und Berlin, 1914; “Die Messung der hydraulischen Rauhigkeit’’, von 
2” Hopf. Zeitschrift fiir angewandte ‘Mathematik und Mechanik, Band 8, S. 329, 1923 : and 
my “A Study of the Data on the Flow of Fluids in Pipes”, by E. Kemler, Transactions, ‘A. Ss. 
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a by eye over the entire length | of ‘the liquid column. 
3 flow laminar, the ribbon of color continued as as a straight line with- 
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At the point of initial wavering of the colored. filament found 


a a incon, value of. R ranging from - 12 000 to 14 000. Tt: is very important to 


note that later experimenters 1 ‘managed to increase this value | of the Reynolds 


= 


gee 


“number by _improving the ent entrance, eliminating all vibration, and allowing 
i — liquid in the tank to stand io much longer period—for “several days, 


in fact. equipment, for instance, a a value of ‘more 
than 40 000 has been obtained’. — ~The ‘obvious conclusion to be drawn from 
these experiments is that for perfectly smooth pipes the limiting upper critical 

““ point is indeterminate (see Fig. 3), for it depends largely upon the care with 
_ which the experiments are conducted. . In every cas ease the initial turbulence 
iy was a result o of some irregularity y of flow tl that was too minute to be discovered 
beforehand, yet which gradually upset the ‘equilibrium within the fluid, 
4 On the other hand, below a fairly well established point called the lower 
_ critical velocity—the point of change from turbulent to laminar flow—the 
viscous forces are sufficiently large” to quell any disturbances that may be 

present | thus prevent general instability of the flow. Above this lower 
critical point, which has almost “universally accepted to be > about 
R= = 2000, the slightest Bateens 3 in the | oncoming: flow is enough to cause 
a rapid growth of that irregularity of motion called turbulence ‘tall 


_ The word “turbulence’ > has its distinct meaning to those scientists i 


the 


are now responsible for its analytical investigation, yet it has various inde- 
. pendent and often conflicting connotations in the engineering g world. To the 
Practical hydraulician engaged | in irrigation and power de “development, 
instance, the word instantly suggests the p picture of large swirls and eddies 
which have no relation whatever i in his ‘mind with the tiny irregularities of 
flow in Reynolds’ glass tube. Because of this apparently ambiguous usage 
the word, the writer submits the following brief picturization of the 


On the small scale of "Reynolds? experiments, or on the large scale of 
hydraulician’s “practical experience, fully developed turbulence is basic- 


ally the same. Superimposed upon the translatory “movement of the fluid 
Bee a complex internal agitation of the fluid mass, differing from the Kinetic 
Ee gaseous molecules, however, in that finite portions of the fluid 
rather than: infinitesimal particles are involved in 1 the mixing process. 
aay Although the action is apparently fully disordered, ‘a statistical treatment of 
the conditions at any point in a a “steady” ” flow will yield a temporal mean value 
3 ‘In addition to this temporal mean, en statistical method introduces the 
“conception of instantaneous velocity fluctuations at given point, as 
ponents to ‘be added to the temporal mean velocity measured at the point in 


Bs 26  Arkie fiir matematik, astronomi och fysik, 6, Nr. 12, 191 
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"variable movement of small fluid masses in a to ‘the general 
flow, these masses carrying into other regions increments of momentum = 
“energy from t the region from which they came—as_ a result, the turbulent mix 

7 ing process involves. a constant transfer of energy among the various portions — 


Although this statistical interpretation of the phenomenon is 
in the mathematical treatment of energy distribution, only 

the mathematicians can it offer a sufficiently complete picture of the oa —- 
fluid mechanism. In order to broaden the viewpoint, recourse is often taken : 
to the concept of vortex motion as the root of fluid turbulence. The vortex — 

_—briefiy, a fluid mass ‘rotating about a central axis and inducing a velocity ' 
field in the surrounding fluid medium—is often the source of turbulence, and 
its r rotational motion is fairly typical of the swirls and eddies in a nate 
stream’ while turbulent agitation might be thought of as an intricate 

system of vortices, large and small—some ‘spinning: violently and ‘some very 

slowly, and each influencing the velocity of the neighboring fluid—such 
schematic representation gives somewhat too ideal an impression of true 
Ss Perhaps the best picture is a combination of the two extremes, in which | 
the statistical representation is taken the notion of continuous—but not 

-abrupt—fluctuation at a given point, and from the vortex conception the 
visualization of irregular rotational ‘Movement | of ‘small masses of the fluid 

in addition to ‘tee movement of ‘stream. As illustrative 
th a chimney; the 
motion is is obviously y changing fr from instant to > instant, but it it exhibits on 


conclusion that each fiuid describes its own 


flight and resulting collision between gaseous is not 


q the basic movement in turbulent agitation of fluid masses; nor the 


"considered generally of ‘turbulence. “the contrary, the 4 
"masses are always in complete | contact with neighboring masses, and the con- 


? “able energy of turbulence i in a moving fluid. 3 The familiar Bernoulli theorem a 
| only | a single kinetic velocity head, which | is from 


§ *Refer to the photographs at the end of the Engineering Coctatie, Pe h 
“Applied ~Hydro- and _ by Prandtl- Tietjens, 
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which, unlike any of fluctuation, has a 
mean value of zero. This energy of f turbulence i is perhaps best illustrated 


By by referring once again to the notion of vortices superimposed upon the gen 
ay a5 eral flow; however much the individual vortices may be distorted in the actual 
flow pattern, it is apparent that each single vortex represents 
amount of rotational energy in addition to its kinetic energy of translation. 
The hydraulic engineer h has long been familiar with such turbulent energy, 
a under perhaps a a different name. is The so-called “ energy loss” i n the hydraulic — 
jump, at “stilling” racks, in tumble bays, at pipe valves, and in various other 


devices of a similar nature, is really a conversion n from the energy flow 


rack, for instance) is 5 still apparent quite some distance down 
ally, of course, viscous action produced by the turbulent “mixing process 
the “mechanical transformation into heat, but this is a gradual 
not abrupt process ; consider, a as illustration, the time necessary to 
~ still the water in Reynolds’ experiments, or the distance down stream the spiral 
effect of elbows makes itself known. To be | sure, such energy of turbulence 
aoe lost to the engineer, , for it can never be regained in useful form; but 
as turbulent energy it can still, play insidious havoc as it proceeds down the 
pipe or « channel. Camichel’, for instance, , produced artificial turbulence in 
normal laminar motion by placing a screen in the path of the flow. _ The resis- 
“ae, ‘tance . then followed the turbulent law until the stabilizing viscous action had 


_ restored the flow to its original character some distance down stream. Thus, 


_ the presence of abnormal turbulence can change completely the ‘general char- 


The causes of turbulence are several in number, a clear understand ing 


% of which we would ied upon a . finer r perception of the physics. of fluid ‘motion 


- than | can be presented in this paper®. Mention has already been made of the 
steady growth» any small irregularity of the flow at Reynolds numbers 


above the critical, ‘resulting eventually in fully developed turbulence. = 
thermore, under certain conditions, | roughness of the boundary surface may ay 


- produce a turbulent ‘ ‘wake” in ‘much the same { fashion as will: the motion 


through the air of a vehicle that has not been stream- lined; thus, the action 
of wall roughness may serve | to augment the normal turbulence of the flow. 


_ In the latter case the action at the wall will be- in effect a constant ‘trans- 
q 


| 
| 
| 


formation of potential energy into turbulent energy, which as a 


an apparent shearing stress between wall and fluid 
ron Many investigations to determine the “friction factor” > for diferent types 
a of pipe have been of little direct value to the Devtnowine Profession because ~ 
insufficient effort was made to distinguish between actual wall _Tesistance 
and induced resistance caused | by turbulence resulting from valves, ‘pipe- 
joints, or by too great proximity of the measured section to entrance or exit. 
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Although the total loss in commercial piping is of direct. the 


‘designing engineer, it is futile to attempt ‘an analysis of each separate pt 
ence if these influences cannot ie isolated one at a time. - Hence all mention 7 


- of normal | pipe turbulence in this paper r refers only { to that fully developed va 


turbulent state which will result from the interaction between the fluid itself 
‘and the walls of a uniform pipe. | It is possible experimentally to make joints 


| of such a nature that they will have no appreciable effect upon the flow, and as 


ical entrance (short elbows or valves. may cause so ) great a disturbance as to 
Tequire longer approach section) will be sufficient t the ‘call 


Resistance AS A Function OF THE Reynowps- NuMBeR 
rding to the principle of dynamic similarity, which has | had sufficient 


ental justification t to warrant the complete confidence of both: the 
scientist an and the engineer, , any single Reynolds number denotes a very definite _ 


; ‘it has been found that a distance of about 50 pipe diameters from a symmet- 


state of turbulence. Although the flow picture may change from instant 
to instant because of the complexity of the vortex pattern superimposed 
the general translatory movement, a dimensionless temporal average of veloc- 
ity: conditions at any given section of flow will yield identical results for a 
given Reynolds number, regardless of fluid properties and Pipe diameter. 
At the same time, it must be remembered that dyn namic similarity i is dependent — 


geometrical similarity, which signifies that the roughness must play. a 


4 : definite part in similitude. Despite the prevalent custom of distinguishing 


between smooth and rough pipes, it is obvious that Toughness purely a 
relative characteristic, , for even the smoothest surface i is rough under 


microscope. ‘Recent experimental studies have very clearly demonstrated 


Asa general example for the following discussion, assume a pipe that Pay 
relatively smooth, ‘remembering that its walls still possess” finite surface 
: ‘irregularities. As a given fluid , whether it is a liquid or a gas, flows at a 


low Reynolds number through this pipe, ‘the velocity will” vary 


_ ‘The fact that the wall velocity i is zero is purely a viscous—not an adhesive— _ 
effect; for or mercury, which does not “wet” the have just the ‘same 


al 


‘discharge through this ‘pipe is distribution 
will remain _ parabolic, varying only i in scale; shearing stress 

the wall will increase in direct proportion to ‘the average velocity (one-half the = 

a maximum will also the pressure gradient i in the direction of flow. see 
Henee, fo 

in “inverse se ratio to o the average velocity. Generally speaking, for any 4 


and any | pipe, so long as the flow is lasinse, this friction factor is ' 
= This condition holds until the is: reached (where th the 
®“Unsere Kenntnis der Zihigkeit von Quecksilber’, von 8. Erk, 
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Reynolds number is 2000), at which point the viscous forces 
are no longer sufficiently great “to counterbalance: completely the inertial 
a tendency toward instability. Since these viscous stresses are greatest near 
the walls of the pipe where the > velocity gradient attains its highest value, a and 
lowest in the central regions where velocity gradient approaches: zero, 

— it is reasonable to presume that the first ‘signs of instability will appear at 


some distance from the wall; this” presumption may be vindicated experi- 


Within: the ( 
conditions a state of complete R= 2000 
initial urbulence is so closely dependent upon slight disturbances within 


pipe (sharp entrance, elbows, a valve, ete, that it is difficult to distin- 


cathy 


in which the initial disturbance is extremely far away (Fig. 5(a)), a short 
(Fig. _and, finally, very close to the m measured section 
Curves marked represent a large disturbance and II, a a small 
at 
the higher ‘the of R at which the. takes place. 
However, onc once the critical zone has been passed, the curve of against 
definite trend. ‘ The earliest measurements of lasting impor- 
‘tance are those by Augustus we -Saph, ‘Assoc. M. Am. Soc. E., and Ernest 
Schoder, M. Am. Soc —the true value of which was realized only 
— after analysis by H. Blasius* ", When plotted by the latter i in 1 the now 
customary form of log f against log R, all results in the turbulent region for , 
the 1 relatively smooth (drawn brass) pipes of ¢ different diameters lay | very ; 
close to as straight line with | the slope, (see Fig. 6). £ Hence, f may be 
written as inversely proportional to ‘the fourth root of or, as 
= 


Transactions, Am. Soc. C. E., Vol. LI (1903), p. 253. 


Aehnlichkeltsgesetz bei Reibungsvorgingen in keiten”, Forsch 
auf dem Gebiete des 181, 1913. 
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‘This relationship thus to the exponential form—for a given — 


and a given fluid—of © Vr The logical conclusion to be drawn from 


may always” be expressed as an exponential function in which 
nm = 1.75. (It is to be noted that Reynolds had previously dstermined this 


alue as 1.732, within a close x Tange of that of Blasivs.) 


j 


= 


the by the curve Blasius to R= 

_ by attaining a maximum Reynolds number greater than 400 000, using both air 
and water. Based upon these results, C. H. Lees* developed the e following 

fo rmula, which differs from that of Blasius in the upper range: aan . 


= 
q 


J About fifteen years later, R. ‘Hermann, ¢ 

of nearly 2000 000, in which range both the aad the Lees ‘formulas 

limit has since been surpassed by J. Nikuradse”, who attained a 
i : value of R = 3240 000. These investigations have proved conclusively that — 


the magnitude of n is constant even for very § smooth pipes, but that 


beyond the Blasius range (R = 105000) it increases slowly with 


142 “Similarity of Motion in Relation to’ the Surface Friction of Fluids”, Philosophical 
Transactions, Royal Soc. of London, (A) 214, 1914. pata 

Proceedings, Royal Soc. of London, (A) 91, 46, 1915. 

“Rohrwiderstand bei hohen Reynoldsschen Zahlen”, von L. f 
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values of R. ‘Thus, 1 on: through an smooth | pipe—which may 
never be realized—would probably become less” and less dependent upon a 

ion - number as the latter increased, 2 attaining complete independence — 

— (nm = 2), however, only when R became infinitely great. — Measurements by 


plotted in Fig. 7, lie upon the Blasius curve to o a Reynolds’ 


05 


Blasius 


Nikuradse 


number of | about 100 000, beyond wh which point they follow well the e curve of 


‘Schiller-Hermann. reasons v which be ex subsequently, 


= 0. 0032 - 221 (35) 


which n may be to Reynolds as high as 10000000. 
Re For purposes of comparison, the extrapolated curves of Blasius, Lees, Schiller- ; 
‘Hermann, and Nikuradse are all shown in Fig. 7. 
ay. Whereas i in laminar flow the resistance was seen to be directly witiiisicallaaas 


; at "to the average velocity, the turbulent state entails far greater resistance than 


Bes 


a function would provide, since the stress at the walls is now propor- 


such 
tional to the average velocity | raised to a power varying between 1.75 and 2. 7 
«iit is at once obvious ‘that a redistribution of ¢ energy must occur within the 

a to cause this” change in resistance, since a_ complete parabolic curve of 
will no longer provide a sufficiently high value of To Attention has 
already been called to the fact that turbulence within the ‘moving body « of 

fluid, schematically illustrated by innumerable vortices "superimposed upon 


velocity i is Tower, and vice versa, words, there is a 
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steady passage of energy from the inner regions of flow in the direction an. 
the pipe walls, resulting i in a more uniform velocity distribution over the cen- 

Bad portion of tI the pipe. Hence, the temporal mean velocity curve in turbulent 
flow, as ‘compared with that of laminar flow, is much flatter at the ] pipe axis, 


1: pert 000 
(Laminar 


Laminar 
Film 


Curve = = 3000000 


» —Vi ELOCITY DISTRIBUTION INA Very SMOOTH 


Careful measurements of the velocity distribution have long seemed 
that the velocity at the w wall is no means as in 


7 ; Despite | this indication o iin’ 
gators « claimed that velocity curve 1 must pass | through ‘Re 
smooth wall. Based upon this hypothesis, Prandtl developed the theory 


the laminar boundary film to account for the high shearing stress at the 
wall, at which there is “obviously no further interchange 


This theory of the boundary layer assumes not only that the wall 


is zero, but also that the layer of fluid next to the wall contains only a laminar — 


¢ of.the fluid particles. Since the velocity gradient here will be high 


that i is, of such magnitude as to provide the shearing stress required by the eae rh 


ing flow (to = —) )—the error in assuming ¢ a linear 

rather than a parabolic. will” be 
negligible (see Fig. 8(b)). Bae is | evident that the boundary layer must become — 


‘ud 


~The heating the wall for 


re 
— 
* 
ef 
a 
= = 
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4 
ill 
4 
Gj 
‘ber is high a rough 1 


to the stress at the by the velocity. gradient, which 
is assumed to be » linear 0” over the small normal distance, 8, , denoting the thick- k- 


ne ness of the laminar film. As an arbitrary value for the velocity at the rs 
Bas: of this film may be taken the apparent wall velocity as noted in measurements. 
ae Needless to say, the magnitude of this value i is open to debate, since the ratio 


__ between the ; apparent wall velocity, vw, and the average velocity of flow, | 
increases number and decreases with improved 


= 


of n Expressing the equality i in terms of this 


g 

velocity as about 0. 5, the boundary film in a smooth | pipe” 1 ft in 
diameter, carrying water at an average velocity of 10 ft per sec at a tempera- 


a of 60° F (R = 840000) would then be about 0.0004 ft. 4 iT 


Inc order 1 to verify t this theory, Stanton c conducted a a very painstaking series 


Lat 


of experiments” with a ‘a special Pitot tube of rectangular’ eross- -section, one 


 mleihemeen, movement of the outer ‘side’ of the tube : away from the pipe wall 


simply increased — the ‘size of 1 the opening ar and changed 1 the position | of its center. 
"The tube was rated first in laminar flow, in which the velocity ‘distribution. 
was definitely known, these being applied to measurements 
in 1 the neighborhood of wall under turbulent conditions. Nikuradse 


ide of which wea formed. by the pipe wall itself. Since this side eer 


was readily available. The aasii of these experiments ‘served: as a striking 


verification of the theory of the laminar boundary film, as as have also — 
recent tests conducted in wind tunnels of large diameter. ge feisty, lien 


eg It is erroneous, of course, to consider the laminar film as 5 edponin to oo 


turbulent Tegion, yet nd divided there is only an 


turbulent. Thus, while the film is “purely 


. viscous, it is not until well within, the turbulent region (where the velocity 


~ gradient i is slow) that the action of viscous shear : finally becomes secondary. > 
--It is now possible to. draw a valuable comparison between the leisiaer 


ii the turbulent régimes. In the former case, the Jaminar boundary film 


extends” to the v very center of the pipe; as the critical zone is reached, this — 
laminar portion of the flow decreases in radial dimension, and then 


the Conditions at Boundary of a Fluid in Turbulent Motion’’, b B. 
Baca,  D. Marshall, and C. N. Bryant, Proceedings, Royal = of London, (A) 9 = 
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3, becomes. the | pipe is 
smooth, only as n approaches the limit 2 (that i is, as R > 0). _ The previous i 


that initial turbulence in relatively smooth pipes does not occur 


at the walls 1 now becomes clear, : since the wall region, except in very rough 

pipes, is the las last stronghold of laminar conditions. 

With the realization that a laminar boundary layer actually otis even 


turbulent flow, a ‘comprehension of the part ‘roughness plays in 
ing turbulent resistance becomes greatly simplified. Roughness may be 


described in part by comparing 1 with the radius, To, the average distance, s, 4 
over which the individual projections extend into the flow section from the Ce oa 
- pipe wall; thus, the term ‘ “relative roughness” si signifies the ratio of s to the pipe 7 4 


radius, Obviously, this ratio approaches—bu - attains—the limit 


in the case of extremely smooth pipes, and o n the other hand in 
instances may approach unity for badly surfaces in which the pipe 

‘become almost. completely choked through ‘age; the former class com- 
prises very smooth commercial piping (glass, drawn brass, and lead), but the 
latter case is so extreme as to make its inclusion in such a . paper quite 
-reasonless. In other words, normal relative roughness of pipes can be assumed re 


to vary from nearly zero to perhaps one- “fifteenth. 
atl With this partial definition of roughness, it now is possible to subdivide 
Tegion into two ‘distinct zones, , Separated by a region of transi-— 
tion. It has often been in the Jaminar Tégime slight surface 
resistance. ‘Similarly, it may y be that s so Jong as the laminar boundary 
E is of such thickness as to cover all roughness protuberances at the wall, 

such roughness will continue to have no effect” upon the conditions of flow. 7 
Thus it is that smooth -pipes—despite the fact that they are actually rough — 

a certain _degree—appear to follow a different resistance law from that of © 


commercial rough pipes, for the relative is so slight that. the 


cunevennesses are still enveloped in . the ; yet many pipes, 
ordinarily classed as smooth, behave ‘only for comparatively: low 
Reynolds, numbers, since the: ‘relative roughness is such that the boundary 
layer at high Reynolds numbers rs is not sufficiently thick to ‘cover the ‘rough- oe f 
“s ness “particles. . Other | pipes, in which the relative roughness is high, at no =! 
; 4 time follow the curve of resistance for smooth pipes beyond the critical zone, By 
because the thickness of the boundary film is never great enough to include - 
roughness particles in a continuou s enveloping layer. 
_ The data plotted by Kemler, cited‘, are not in general 
systematic to warrant more than broad statements as to ‘the nature of the 
action of roughness in the sense already defined. Two conclusions 
are of great importance, however. One, long since ‘recognized, is that once 
Toughness extends inside the laminar film, the resistance to flow greatly 
_ increased ; the second is that roughness ‘may not be defined completely by a 


ratio of radial dimension to pipe radius, for of certain rough 
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how complete independence of R, hime others r run approximately 


‘The conditions which» must exist for ‘dynamic similarity, stated 


| 


a 
a Rough Wall 
he Wavy Wall 


e 
t 
3 
3 | I 
= t 
r 


‘the Reynolds he identical, but the entire physical character of the 


ned 
inside wa one pipe must be similar to other; yet this means 4 


relative roughness of rivets a may equal the 

ness of rust tubercles or that of unevennesses ’s in commercial asphalt-li -lined 

pipe; “yet there is no reason whatever to supp suppose that the action of all such’ 

_ forms of roughness should be the same. vg As a matter of fact, a a ‘Surface ma may A! 

further defined (refer to Hopf") by distinguishing | between waviness 

i actual jagged roughness; whereas jagged roughness that breaks the cane - 

os the laminar film ‘results i in a constant resistance coefficient for all F 
values: of R, the waviness (corrugated, , asphalt, or galvanized lining) serves: 

increase the resistance in in such a way 
course, it is not always” possible to ‘differentiate between the we 
wall material in some cases may be a combination of both, the resistance 


curves then lying between the two extremes. plots: may be seen in 
As a suggested’ explanation of the difference ‘rough 
and wavy surfaces, the writer offers the following: When bodies of a 
i —_— profile are tested in a wind tunnel, their resistance coefficients are 
found to be nearly independent of the Reynolds number characterizing the — 
rape the turbulent wake behind such a ttl is then determined ir in size largely 


y 


a a profile is is reached for which ‘the: turbulent wake is smaller and not of con- 


increasing Reynolds number, the 
_ resistance factor thereby dropping ‘appreciably i in | magnitude. _ This phenome- 


angles of the body are softened, the ideal stream-line ioe 


increase in decreases the thick- 
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ness of the laminar f film surrounding the front of the body to such an extent | 


_ that the point of separation (now a function of velocity distribution along the ~ 
. softened curves rather than of abrupt angularity) moves: toward the rear of 


. the body. In the ‘completely § stream-lined profile, separation n and the formation — 
4 of a pn are obviated. _ Whereas the body of irregular profile corresponds to at 
_ the projections on a very ro! rough wall and 1 the | stream- -line ‘profile typifies the 
§ smooth wall, there may be » irregularities in pipe surface between the two. 
= extremes which exhibit much the same variation i in n turbulent “wake” oo the i? 
— 
transition ‘profile i in the foregoing illustration. a 
‘What is considered by ‘several authorities be | a more scientific 1 view- 
point than the notion of of laminar film and roughness” 
particles is the following: Every roughness protuberance may be oud’ 
Z toa act as an individual body, to which a lower critical Reyn nolds number may 
be assigned in much the same way as is done for the plate or sphere; this | 
7 number is composed of the dimension, ¢, the kinematic viscosity of the fluid, 2 
and the velocity existing at the outermost part. of the roughness projection. 
| Be latter may be computed on the basis of a linear velocity gradient in the 
bound ary layer, with a velocity of zero at the” wall itself. Thus, when 
critical number for the projection. in question is exceeded, separation 


occurs, with a resulting» turbulent wake. it is doubtful whether 
may behave in such an independent unless ‘their 


will begin to produce wall turbulence. . 


‘A great advantage of this 1 viewpoint is the it lends to the 
of roughness i in the laminar régime. a . Although the fact has eo been men- 


‘provide the initial disturbance leading to fully developed turbulence in 


pe. has been stated that the resistance in the case of either roughness or 

"waviness is a function not only of relative roughness, but also of the ~<a 
ee spacing of the individual particles. Not only i is | this complex — 


function still to be determined, but it is also difficult to classify the wide — 
y y of commercial pipes accurately without further knowledge of the func- | _— 


tion ‘itself. _ Such knowledge | cannot come from the plentiful existing data « a 
‘commercial pipes, because of the lack of systematic investigation already 
‘mentioned. However, a commendable start has been made by Nikuradse” 
and others in the investigation of controlled, artificial Toughness. — By means 
of uniform sand grains attached to the pipe wall with a thin coat of varnish, 

Nikuradse studied not only the similarity of flow with different pipe diameters 


and a constant relative roughness, but. t also the variation of ni with Loomncoml 
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possible that the local critical velocity for projections of large magnitude 
_may be reached shortly before the critical value of R for the entire pipe. 
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of six different relative magnitudes, wide range of the Reynolds» 


& 


v 


umber. So systematic was his investigation that the flow behavior in all 
different zones discussed previously w was as clearly demonstrated. Reference 
to the plot (Fig. 10) taken from Nikuradse’s will show 
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Resistance Coefficient, f 
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10.—MEASUREMENTS ON ARTIFICIALLY ROUGHENED PIPE. 

the e regions i in which the roughness particles were enveloped | by the laminar 
Bi flow then being similar to that through : a very smooth pipe. Just 


s distinct is the transition region, wherein the roughness particles begin to 


oe the boundary layer. © Finally, Fig. 10 shows the zone in which the q 


Be. - continuous: laminar film has disappeared entirely, the friction coefficient then 
ie a being dependent upon the relative roughness alone. . For the last of the three — 


Iti is to be noted that Equation (37) may , be pre to apply generally only 
in the event that the roughness in question is geometrically similar | to that of 


ay the sand coatings in Nikuradse’s- investigation. _ Any departure in the form 
of roughness + will most certainly 1 require , different constants in this relation- 
ship, and in some eases (waviness) even a di different form of equation. 
Although, toa certain « extent, Fi ig. 10 shows the systematic variation 
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very close relationship by plotting them in such a way that all 
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is a statement of the be 


in this range, ‘the use of the left-hand side of this equation as ordinates ae 


all three regions w would result | in a series of points: which might be me 


to coincide only in the region of constant f. As. abscissa was selected the % 7 


quantity, 


type in the vicinity wall; that is, 2 


“has the dimension of a velocity (see Equation (18)) while is the appropriate 


a glance at this plot as reproduced in Fig. 11 will indicate at once that — 
within the range of experimental error bed resistance coefiicient will lie upon 


= 


Values of +) 


= Fig. 11. —Composirs PLor or Curves IN Fic. 8. 


a Si single dimensionless curve, regardless of relative roughness, so long as the 


FOU 
roughness i is of a similar nature. ‘It is with the investigation of other types 
roughness in this systematic fashion that laboratories are now 


Major “types of commercial p pipe. 


Vewocrry DistriBution AND THE Mrixtnc Lenora 


Notwithstanding the f fact that numerous attempts have been vere during 


the; past ‘hundred years to formularize the e velocity « distribution i “turbulent 


flow, few expressions he have derived apply to much 


— indicates as as a number of the Rey- 


4 


a | in the third region (where f is independent of R) are superposed. As Equa- #### § 
— 
— 
— 
. | | | 
— 
| — 
|| 


ited of Reynolds numbers for which 
Moreover, all such empirical attempts have included 
the central portions of the flow, disregarding entirely the region in the imme- 
diate neighborhood of the wall. . By far the most scientific approach to the 
problem of. energy ry distribution in turbulent flow is that proceeding from a 
general relationship developed by 2 Boussinesq™; since the shearing s stress 
at any point in purely laminar motion may be expressed ¢ as the product. of bo 
fluid viscosity a and the velocity gradient (Equation | (21)), Boussinesq_ reasoned _ 


“that the intensity of ‘shear in purely turbulent motion may be written. in a 


elosely parallel 1 form, 
In Equation (39), the unlike is not a constant for a 
~~ fluid, for it" expresses the dynamic quality of the turbulent process at 
a given point; 7 will | thus depend not only ‘upon the : fluid density, | but upon ‘the 
"general state of flow and upon n the } point in the flow which is being considered. 
The gradient, —, as shown by Boussinesa, will now be that of the temporal © 


mean velocity. + Inasmuch as viscous shear is always present, regardless of 


: whether | the flow is s laminar or turbulent, the total shear must then be the ? 


of f these two quantities: 


“fe ~ Osborne Reynolds has shown that the last term may be expressed as a fune- 
“i tion of the density and of the momentary fluctuations in velocity at a given 
point, ‘since the latter are a true measure of the degree of turbulence. Such 
fluctuations will be apparent at any stationary point of observation because 
‘aie of the transit of whirling masses of fluid past this point; that is, there will 
ee be ‘superposed upon the general velocity of translation the e tangential velocity 
ee ee component of “each portion of the eddy as it passes the point of observation. 
i ee. Oe will result in a rapid change in direction and magnitude of 
_ the resultant velocity, followed immediately by a different variation during the | 
transit: of another eddy of different size and intensity. ‘Thus, at any instant 
there must be added, vectorially, the temporal mean velocity, v, at the 


point: question the velocity of fluctuation, v’, which varies” constantly in 
> 


and direction, having 1 two essential components, parallel to, 
and vy normal to, the Pipe wall; ; the. third component, normal to the other 


two, is of no consequence in this development. Iti is evident that both v’z and 


car gf y} must yield a temporal mean value of zero; the temporal mean of the product 


the two essential components, however, will always have a finite 

Be” value, except at the pipe wall and pipe axis, because of a certain correlation sl 


— exists between the two components in the normal turbulent pattern. __ 
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a of these fluctuations, at any instant through a a small 
increment of area, Aa, normal to the pipe radius, there will be a rate ae 
equal in magnitude to Aav y A Positive magnitude of this 1 value 


denotes an instantaneous rate of flow toward the ] e axis—that is, into 


into the neighboring region of flow either a or a negative incre- 


ment of momentum. _ The component of this increment in the direction of 


_ average flow is proportional to the density, p, and to the velocity fluctuation — 
in this direction, 1 The rate of passage in the y- “direction of this axial 


of the ‘inorement of momentum is ‘given by ‘the ‘quantity, 
vy p ve, which has. the 


‘the apparent shearing: stress due to ‘must have a temporal mean 


dy 
T= 


Since viscous within given fluid must depend entirely upon the 


velocity gradient, will be evident that action has two quite 
di 


gradient at a given section ms may be quite high ac across each of ‘these 
¥ eddies at the instant of transit, | 

of this re relatively intense se local Pros is : to ‘dissipate the | energy a turbulence be 
as rapidly it forms, for only through viscous action can energy of flow 

finally be converted into heat. In addition to such local stress within the ity 


however, there must be a continuous viscous ‘resistance to general 


however vital the role it must play in maintaining 
“equilibrium of the fully developed turbulent state. 
so happens, moreover, that 1 the ‘Magnitude of the viscous to. 
translatory motion becomes, at high Reynolds numbers, of inap- 
2 preciable mi magnitude in comparison with that resulting from turbulent trans-— 
fer of momentum. This will be seen een from Fig. 12, in which are plotted, 

against “dimensionless co-ordinates, data found by. Nikuradse for smooth 
pipes at Reynolds x numbers ranging - from n slightly above t the critical to a ‘maxi- — a 
mum of more than 3.000 000. Not only y does the slope of the e velocity curve — a ; 
in the turbulent portion of the flow decrease with increasing Reynolds number, <¥ a ‘a 
but the total resistance as evidenced by the slope at the wall becomes ever 

greater as the a average viscous shear in the central regions diminishes. ‘This 

. trend is shown in a somewhat different form by Fig. 13, in \ which is ee oil 


the r: ratio of the average 7 velocity to the 1 maximum —— as a function of the 
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smooth pipes; as is from Fig. 1 18, the higher the values of R, 
= more equal the average and maximum velocities become. 


— 
0 0.4 10000 100000 1000000 
Fie. 12. —VELOcITY CURVES FOR Fie. 18.—Ratio oF TO 


n 
smooth pipes s the t term m for average viscous ‘shear x “may be omitted entirely 
without introducing no noticeable error, the re region of predominant viscous influ-| 


being r restricted entirely to the vicinity of the pipe wall. In the case of 


aiid 


resi pipes i in a the , range of f constant tf, the turbulent action is ‘so excessive roa 


in the of flow ‘is realized 
of high Reynolds numbers for smooth and rough pipes” 


general use can be. made of the ‘Reynolds ae shear, 


of known of flow. ‘Prandtl made the first step in in this 
by assuming certain ain mixing length—analogous to the “mean n free 


between “the and the end of “(approximately 
equal to the product of the “mixing length ‘and the velocity gradient, 


must be a measure of the component of fluctuation, v 2, in the axial alee % 
a Le furthermore, the existence of correlation between v’, and v’ y | , denotes a general 


> 
2 x 
a 
— 
— — 
q 
q 
— i 
any region of the flow, over which a small fluid mass is carried by the 
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“the original average velocity of the particle and that of the region into which at : 


comes must be | proportional to the , magnitude of the velocity fluctuations: involved 
in this transverse motion. This proportionality may written: 


By changing this proportionality, to an equal- 
ity, completely 


At this point it is interesting to note that at Boussinesq’ s coefficient of turbu- 


‘ lina 1, through division by the density, p, p, will take on dimensional char 

acteristics similar to those of the kinematic viscosity, the ratio then 

7 ing the kinematic characteristics of the turbulent process in a manner quite 
independent of the fluid properties. By combining Equations (39) and 
there results the e following significant expression for this kinematic 

ur a 

rE Since ‘the ‘shearing s stress at any point within | the flow is directly propor- 
tional to the distance from the wall ‘(Equation (20)), Equation (42) then 


44) 


“Fig. In every case the mixing length has a of zero at the wall 
(a ctually at the edge of the boundary layer, for at this point there is no 
_ further velocity fluctuation), rising to a maximum at the center. As is is to 2 


mixing length for r smaller v values of R is. greater in 


ing only ‘upon the relative distance from the wall. 
curve drawn through the ] points for rough ] pipes would seem to indicate. peg 


this function invariable, regardless of the magnitude of the relative 


| 

| 

‘ 

4 

— 

— 

— 

2 
| 

ia. dg I has computed the magnitude of J from measured values of wall tm 
resistance and measured curves of velocity gradient for smooth al -_ 
great range of R, and for rough pipes” with various values of — within > eee 

— 

Influence, which is still appreciable in this range of R. Beyond the limit ~ eats 

ae 
— 
— 
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Center Line. 
Center Line 


(b) CURVE FOR ALL VALUES 


OF RELATIVE 
Fig. 14. PLOT OF THE MIXING LENGTH. 


general i influence decreases steadily with rising values of R, finally a 


is reached beyond which ‘viscous resistance to flow. is completely negli- 
gible throughout the greater portion of the pipe, being restricted to a relatively 
thin boundary ‘region. Furthermore indicate e that the variation 

the mixing Jength | for ‘smooth pipes b beyond this limit is identical 


mechanism of flow must be quite similar in all cases, 
CHARACTERISTICS or TurBULENT FLow 
statistical analysis: of the velocity, fluctuations at any | 
within turbulent movement past a fixed surface, Theodor von Karman”, M. 
Am. So O. has concluded (where viscous resistance to flow is 
negligible) there exist a certain correlation between the components, 


V2 and wy regardless of the « distance from ‘this surface (excluding, « of course, 


theory of correlations, the following reasoning will serve to illustrate this 

relationship: Particles of fluid moving away from the wall into region 
ty oy higher velocity as the result of a positive v fluctuation will have an in average 
velocity, v, smaller ‘than that of this 1 new region . Since this: difference will 


the boundary region). Without. venturing into a detailed discussion of 


versa. Experiments made in the United States and in Europe with a . hot wire 
anemometer capable of recording 1 rapid fluctuations have verified von Kérmén’ 
conclusion that correlation must exist, these investigations indicating | a con- 
Bares correlation factor from the wall region almost to the center of the pipe. 
was shown herein under the heading elocity Distribution and the 
Mixing Length”, there exists experimental evidence that the ratio of the mix- 


oe ing length to the pipe radius is a definite function of relative distance from 7 


_ “Mechanische Aehnlichkeit und Turbulenz”, Géttinger Nachrichten, Math. Phys. 
, 1930; see, also, by the same author, “Turbulence and ‘Skin Friction” of 


— shear still plays uencing the internal mechan- 
—— Thus, even well past the critical zone, i istance) this 
tion (and, hence, the velocity distri & 
g 
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‘the wal ll, and of 1 no of the “flow. Hence, there appears 

to be a certain relationship between the turbulent patterns in any two pipes, 
regardless of.p pipe diameter, relative: roughness, velocity, and fluid properties. 
‘As pointed out by von Karman, the constant correlation of the components 
of velocity fluctuation indicates, furthermore, a similarity _ of the turbulent 
mechanism over the larger part of the > cross-section of of any given pipe; that is, 7 


in the other pipe, the turbulent pattern differing only in time and length — 
scales. (The variation in the length seale, for instance, may be typified by 
bene variation of the mixing length, while the time scale is associated with the 


aa —.) Moreover, because of this similarity of the turbulent pattern : 


the conditions at any point of any flow may be _ expressed entirely in terms 7 
of their variation with y in the immediate : vicinity of the point in question. a 
K4érman has thus expressed the ‘mean velocity, v, at a given point in 

| ir. terms of its variation with increments of y through expansion in a series, 
omitting, however, all terms: after the second derivative. Then writing 
general stream function in terms: of this velocity s series and introducing the 


: but flow i in any region in the one pipe should be similar to that in any vesiem = 


he has deduced the 
in terms of a universal. constant: 

The merit of this expression Has fs in to fact that the value of 1 may now be 

written for any point in the turbulent region without regard for distance from | 

the wall or center line of the pipe. It is to be noted that A. Betz” has- 
an identical equation in a different. ‘manner, working in terms of 

‘spacing and rotational speed of an ideal group of Vortices 


= OA simple schematic digest of the complex mathematical reasoning leading 
Equation (45) is given in the following development presented by B. A. 
Bakhmeteff, M. Am. Soe. E., in his lectures on fluid. mechanics. mean. a 
ee. locity, v, at any two points of the flow, expressed i in terms of variation with ae + 


velo 
icrement according | to Taylor’ 8 theorem, will be as follows: 


dy, tay A 


4 


& 


“Die Karmfnsche Aehnlichkeitsiiberlegung fiir turbulente Vorgiinge in physi- 
kalischer 2 anges ndte Mathematik Mechanik, Band 
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ay 


Omitting all terms | of higher o the ‘second, this proportionality “may 


i? 
Obviously, each ratio 0 on 
is the magnitude of the ratio varies s directly with the lenistla, scale of the guste: 7 


ne that is, the mixing length is equal to a universal constant times the ratio of 


| proportionality must. exist between. corresponding derivatives o of the expansior 


the first and second derivatives of ‘the ‘velocity with respect to as in 
ioe Equation (45). a In the wall region where y is very small, increments of y will 


he of the same order as y itself ; in this region the mixing will vary 
: directly with ,as may be seen from Fig. 14; thus l= xy. 
magnitude of the universal constant ha been found experimentally 


to lie between ‘the 2 limits of 0.36 and | slightly more than 0.40, the small dis- 


crepancy resulting to extent from unavoidable experimental | error. 


Variation w within such narrow limits is surely sufficient reason to recognize 
the existence of a universal characteristic of the flow. Ww 
was probably the first to notice the: resulting similarity 


ae curves of velocity di distribution ; in turbulent flow. Such similarity is strikingly 


ee displayed in the gr group of curves shown in Fig. /15(a), taken from measure- 
ments by Nikuradse. Each of these curves represents a different magnitude 


of ‘relative the similarity ‘arising from the fact that the 


sionless ordinates have been reduced to a common denominator, 4/2. The 1s 

physical significance of this method follows: Equation (13) 


and 
which the term, 1 - =, , has s the dimension ie a velocity and is known in) 


fluid mechanics as as the “friction v velocity”. The foregoing proportionality 


hows that the dimensionless ratio of ‘mean velocity to. friction 
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inversely with the ‘square root of regardless of the 


resistance i is caused by viscous shear i in the laminar r film of smooth pip 
the turbulen mt “drag” along the walls of ‘rough | pipes. In the ease 
of smooth pipes this ratio will increase with | decreasing 1 values of fs : referred Zz 


‘to: a common friction velocity, this would mean that t the central portion n of the A 


"distribution | curve would merely s shift in one direction or the e other, the velocity 
gradient at the walls thereby remaining constant. In the of rough pipes: 
oe in the in the range’ of constant f, this ratio would of neceesity be constant for. any 


given relative roughness, but would decrease with meee values of £ 


eg - Mention has already been made of the fact that : since the pressure is 
gz statically distributed | over the pipe cross- ‘section, the intensity of shear must 
* ‘tke a linear function of relative distance from the wall (see Fig. 15(b)). I 
flow at high Reynolds” ‘numbers, in which viscous resistance 
portion of the” flow is negligible, the: shearing stress must be due entirely 
to ‘the turbulent onchange of ‘momentum—and this” turbulent exchange of 
_ ‘momentum at the same time determines the velocity distribution in all regions = 
except: the immediate vicinity the wall. Thus, regardless of what the 


distribution curve m may be in the wall the ratio of v friction 
velocity must display a similar variation over the central region of 
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smooth p pipes for all: values of relative roughness. 
lida it the central portions of all curves in | Fig. 15(a) are superposed, a 
In other words, v within the purely turbulent 4 portion of the movement, the 
difference between the maximum velocity at the center and that at any “oo 
point (that is, the ‘ ‘velocity defect”), divided by the friction velocity, is 


purely a function of the ‘distance from the wall. yon was 
the first to fo: universal f function: 


The conditions near the wall, however, are still: upon 

influences. The velocity near a smooth surface, where viscous shear 

domina‘ 8, depends upon To, Ps * and y xpression 

this universal relationship must, for reasons, have form, 


4nfluences do not exist, will depend entirely upon 
sponding universal function must then 


| 
Returning t to o Equatio n (44), it will be recalled that this relationship holds 
or r rough and smooth pi pes alike, entirely w w hout ; regard for wall onditions 


The function, 1 may be developed | by equating the two expressions already 
for the mixing length ‘(Equations (44) and 
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p 


wale: 
T %—y— To 
‘iii once again between the limits, y = y and y = 71, the final rela- — 


is obtained, in accord with Equation 


_ A plot of the velocity defect divided by the friction velocity yields a gen- Toa 


eral curve (I in Fig. 15(c)) which fits fairly well all measured values of = 
velocity. within the central regions of flow. In order to take into consideration 
the oun regions, it is necessary to return to Equations (47) and (48) ; - 


only relationship with these | expressions and the similarity of 
7 ‘the turbulent pattern must be the following, first derived by von Karman: 


Ke 

=55 + 5.75 logis | 


y 
thie 


5 85 > 5.75 logio 


in which the value, to. 40, and ‘includes the conversion 


| “equations in terms of the maximum velocity at 


‘tor which the relationship — part in the central regions 
4 
— 
— 
| 4 
— 
— 
. 
AS 
| 
j 
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wis 


‘relationship for the waloaity defect, 


, gives good 


oe over the entire central portion of the flow (see Com II in ‘Fig. 15(c)). 

_ _ The full significance of Equation (55) will be revealed by careful study of 

te 16 and 17 based upon measurements by Nikuradse. e. In Fig. 16 the ratio 
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of velocity to friction has been plotted as a the “friction- _ 


met. — 5,85 log, 2 .......... q 
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ame plot in semi-logarithmic form. In Fig. 16 the 
by: the ordinate axis, whereas the distance to the Be 
1tself 1s represented by: diti and depends 
ug r each different set of conditions, and depends 
entirely upon the iven two different values, showing twice 
is } as been giv 


5+5.75 


R= 4000 R= 396000 
R= 6100 R= 725000 
R= 16700 1898000 __ 
R= 43400 R=2350000 
¢ R= 105000. R=2790000 
* R= 205000 


10000 


‘Fie. 17.—Usivensar AL VELOCITY DISTRIBUTION FoR RovcH PIPEs. Pires. 
Equation (55) plotted form (Fig. 17) must obviously 
be a straight line. Points measured by Nikuradse on on smooth Pipes for various 


al the friction-distance parameter. Even at the e pipe centers 3 (the last t 
- groups of plotted points) only a slight deviation is ‘noticeable. 4 The. departure 
in the wall region is obviously the result of viscous action as the boundary 
film is approached ; this may be further clarified by constructing the curve 
; of laminar distribution in this film, in which the following equality will be 


transition z zone between the and the turbulent rons. Not only 
“may the approximate thickness of the laminar film be found from. this plo 


but also” the extent of the viscous influence in the turbulent ‘region. 
combining Equations (55) and (60), at the point of intersection, | 


= 


_ the same general curve drawn through the plotted points; the more extended __ ae — 
scale shows to good advantage the existence of the laminar film, in which 
velocity distribution is practically linear, 
— 
— 
imi 
— — ince v = —“—. Thus, the lo be in the | — 
— 
= 
— 
7 


be chosen as the ‘bender of the y will 
and the thickness of the film will be given by, 


Comparin 


= 


t is to be noted that the only fixed point in Fig. 1 is this arbitrary limit of 
laminar ‘film ; the pipe wall lies an infinite distance to the left (since 
log 0 ), whereas the location of the center line of any given pipe 
. depends entirely upon the magnitude of the friction- distance -eiemeaa for 


Fig. 18 shows the corresponding plot of the universal velocity 
distribution for rough pipes, the ratio of y to having: ‘the 
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n influence in the wall region. It will be ye noted 


that points by Nikuradse for various values" of relative roughness 
ra fall upon a straight line ~—* as close to the wall as the outer edges of the 
roughness particles’ (where y y= Moreover, ins inspection of Equations (55) 
(36) will a striking similarity between the respective constants. 


‘the two curves have  Satieal dunes an oy are simply shifted on the plot by the 


difference between 5.5 in the one case and 5.85 in the other. _ Different forms 
>: roughness, however, will surely 1 require a change in one or both constants; y 


at any rate, the term, ¢, must then denote pees than ‘merely the extent tof 


The fact has already been mentioned that the value, 5.75, corresponds 


k= 0.40 (combined with the conversion factor between the two logarithmic 
systems). _ If Equations (52) ‘and (59) are correct for the regions for which 


they were developed, then they must ‘coincide the zone Where the two 


‘regions overlap. ‘This t they will never r do, however, so long as the same value Be 
4 is. used for must be if this is a true universal 
This explains more fully, why von Karman found that « must be about 0. 36 


for the central re; regions, and Nikuradse was forced to choose the higher magni- 
tude: of 0.40 for the outer portions of the flow. The two curves plotted in 


‘Fig. 15(c) are based upon these two ‘different: values of 


Furthermore, owing to the linear characteristics of (55) § and (56) 


curves from prea must have a 
slope at the pipe axis, although a actual velocity curves: all ‘Teach a zero slope i 
this ‘point. 
in practice, it points to a fallacy in the Padroni assumptions upon which © 
these expressions were based. ‘That i ‘is, the application of Equation (45) 
the entire central region of flow constant correlation of the 


to expect such correlation near the pipe axis, Ser points in in this: 
equi- distant from either side of the pipe wall. If the ‘assumed 

variation of the mixing length a: as expressed i in Equation (45) is plotted after” 

Bic manner of Fig. 14, these computed values will follow the actual curve 


"over er the ‘greater portion of the abscissa scale, but 1 near r the center line — 


2% Since | similarity of the turbulent ee has wat tg to result in 
general function for velocity distribution, the close relation 


“universal for the resistan 


constant will have ‘the 
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a ce coefficient. Equation (55) written for 

| 

(64) — 

— 


~ 
must computation of the difference ‘between the maxi- 


mum and mean in terms of the common denominator, 


is nothing more than the average ordinate of the velocity- defect curve, 
when the latter i is considered the cross- -section n of a surface of revolution about 
center: line of the pipe. The average ordinate of Curve II, 

may be determined as follows, as sh¢ shown by Professor Bakhmeteff, through 


= 


integration of Equation (59): ay 
2m (ro — log, dy 
‘Although Nikuradse found that | a a value of 4. would fit: 
my 4 measurements of vmx and V, Equation (65) will be used without modification 
the following it is this value which has been plotted as the 


| 


@ 


Subtracting (65) from Equation (64), there results an expression 
for the average velocity of flow as a function of the friction velocity, al 


‘universal constant, and the frietion- distance 


8 


(66) to a more form through intro- 
duction of Equation (13) in the forms, 


| 91 + 2.08 loge (RAF) 
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ersal constant an e tveynoids number has been develope irectly irom 
was first f the maximum velocity, and 
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— put form of by Prandtl. modifica-_ 
tion of constants =" to the: ce data of Nikuradse, this basic 


Inasmuch as (68) is upon analysis, it ‘might 
expected to be valid (with correct constants) from R = 100000 to extremely 
3 _ high, if not to infinite, values of R. The only ¢ drawback ‘to its use for general 


‘purposes is the of the s square root of on both sides of the equa- 
tion. , Although 1 this disadvantage may be offset through use of a plotted — 


curve, Nikuradse has suggested the empirical Equation (35), which is quite 
accurate for all ordinary values of R above the Blasius range, and which, 
moreover, may be extrapolated safely a considerable distance beyond» the 


present limit of experimental measurements. _ As seen from Fig. 19, in which 


— = 
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lalues o 


curves (68) and (35) are practically identical, previous 
empirical curves d deviate considerably from the | linear form. pee? = 


similar operation performed on Equation (56), with slight | 
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only in n position as determined by the constants, 08 and 1.74, wil 


the type of roughness studied by Nikuradse. 
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to adopt 
“the dimension, for 0 of at better measure of roughness 
P Obviously, this term does not completely define the type of surface. It may ‘ 
. _ prove feasible, however, to adapt a linear characteristic of this kind to rough © 
surfaces of other types, which case the term, would ld indicate relative 
y - behavior rather than an actual measure of radial projection. | In this ‘respect, 
reference i is s made | to a a paper™ by V. L. Streeter, _ Jun . Am. Soe. OC. E., in which ~ 
further experimental “results for artificially roughened pipes én 
it was found that roughness differing in both form and relative magnitude 
that studied by Nikuradse yielded similar resistance curves. 
might be concluded that this general function for the flow “pattern actually ; 
s universal in its application to artificial and commercial roughness a 
rovided the roughness characteristic may be adequately | defined in ter rms of 
linear quantity, «. - For the time being, wavy surfaces must be excepted, 


of course, since the Delia s of the function may not be the same. At a any vate, 
1% it has been proved conclusively that roughness dimensions alone are not 7 

_M Mention must be made of the fact that, whereas ‘the mathematical genius 
ve von was first responsible for the development ‘of these universal 
: a functions, several other scientists of note have deduced similar relationships in 


ete 


a: sufficient indication of the resistance to flow, but must always be considered 


various: ways ; Prandtl® has continued to hold a foremost. place in this field 
and it was under the latter’ S ee of the Kaiser Wilhelm Institut fiir i 
“Frictional Resistance in Artificially Pipes”, Am. Soe. C. E., 

“Neuere Ergebnisse der des Vereines Deutscher a 
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i Europe and ccveral of note in the United States are engaged upon such 


1936 MECHANICS OF FLUID TURBULENCE 


Strdmungsforschung, i Gottingen, that Nikuradse conducted his extensive. 
measurements of turbulent flow in pipes. Also from the 


"Prandtl school has come the latest effort to study the problem of turbulence 


in the light of probability and statistical physics.” 


Although such experimental data as herein cited were |: limited by laboratory 
conditions so far as wall surface and pipe diameter are concerned, a a splendid — 
_ beginning has been made in the experimental verification of such 


‘Throughout this constant has been laid | upon the necessity 


fluid research of an advanced nature, but. both co- operation and correlation 
of effort are essential to continued progress. It is noteworthy that within the 
past year (1934-35), at the > instigation of the World Power Conference, a com- 


mittee . on fluid resistance has been created in the United States with 1 the 


Cae of planning and sponsoring organized research in this field. a 
_ What problems still 1 remain unsolved i in the fluid resistance 


as laminar or turbulent flow, since is not always 

- free from appreciable viscous resistance to flow. Whereas on . the one hand ‘ 
laminar or purely viscous motion is practically a closed book so far as gen- 
eral pipe resistance is concerned, on the other hand, the problem of purely 
motion at very high Reynolds” numbers is not yet fully solved; a 


complete rational analysis of the i inner mechanism of turbulent movement 


is still to be achieved, despite the success of the "methods herein described; 


and no successful attempt has been made as yet to analyze the combined effect 
of viscous and turbulent shear lower range in which the Blasius 


primary interest to the engineer, of course, is 
artificial roughness as produced in the laboratory, and the actual roughness 
of commercial p pipe, if only for the range of ¢ constant resistance coefficient. 
only does this leave unexplained the: entire transition 
of pipe of which the behavior on not fall in eith 
“wavy” s surface. It is obvious that neither the existing data < on commercial 


- wipe nor the recent ‘experiments on a few types. s of artificial roughness pro- 
_ vides sufficient evidence for the formulation of general relationships | including — 
every type ype of rou hness under every possible condition of flow. 
5 g Once the realm of pipe resistance is left, the problem becomes even more 
complex. Open channels present a further variable i in the form of the free 
surface, ‘and the question of geometrical similarity of the ‘profile and eross- 
section becomes of major importance; it is. still a debatable question whether 


the hydraulic radius may continue to prove satisfactory as a general length P 
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Doubtless, however, ‘open ‘channel is of so highly 
a nature that viscous "ean are probably quite negligible; yet this ag again . 
= introduces a question in the mind of the experimenter, for open flow is often ~ 
7 simulated in the laboratory by small-scale models, i in which the viscous action 
is most assuredly of appreciable” ‘magnitude—even far above the 
In other fields of engineering similar problems must be encountered, ‘on 
“the designers of air al and water craft are in much the same difficult restos | 


e. 


- 


an 1 impetus toward ‘the advancement of knowledge i in this field. 


ation. of ‘this paper, the writer expresses his sincere ere gratitude to. ‘Boris 


= generally, the inertial reaction to any acting force; specifically, 
eg the inertial character of flow; that is, the momentum passing . 


the average velocity. of for th the entire 
in “general, any instantaneous velocity vector; for pipe 
temporal average velocity at any point in the 


Umax, = = = the “maximum value of at the pipe axis. is, 


= exponent in the general ‘equation, f =C 
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nit of volume. 


scosity of a fluid. 


kinematic viscosity of a fluid; 


intensity of shear at any ‘the cross-section. 
“intensity of shear at the pipe wall 
= radial dimension of roughness particles. 
: thickness of the boundary layer. 
universal constant: relating to flow at of 
= =a function Of 
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COMPARISON ¢ OF SLUICE. GATE DISCHARGE 


“There is a need for data to support hydraulic model theor 


ats. Tt is seldom possible to 


check ‘model experiments with prototype experiments although this condition — 


has shown considerable improvement in the last few years. In ‘this: paper 


the: aim is to present the results of experiments on the aan: and the model 
symbols used i in this paper are defined, as follows: 


= ca = a coefficient of f discharge; 


= acceleration due to gravity; 
nm = an exponent in Equation (1); 4 


= rate of flow; oe = rate of flow for gnetetenes Om = sate of 


Bu ureau of Reclamation ‘several experiments on canal head-gates 
and that the Ministry of Public Works of Egypt has made very thorough pro-- 


Notse.—Discussion on this paper be closed April, 1936, 
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con ence in the use oI modeis hinges upon this Checking Of mo el 
| experimental results with prototype experime a 
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River. 
by the Bureau of Reclamation we were on the | 
only. The experiments on the Assuan Dam* were continued for | a ‘period 
es 20 yr an include ches ang on sluices 2m wide by 3.5 m high (6 ft 63 in. 
by ft in.) ‘and 2 m wide by 7m high (6 ft 63 in. b y 22 ft 114 in. 
_ through the dam under heads (measured from the gate-sill) pide 0.3 to 13.5 m 
(1.0 ft to 44.3 ft) for the smaller sluices, ten of which discharged into a 
tank where the water ‘was measured volumetrically. Six models 


. built of these smaller ‘sluices and approximately 1 500 experiments were mode. 


The comparison ‘of model and prototype results. wal all experiments shows — 


that the ratio of varies as or that Froude’s model apply 


discharge through sluices. mean departure of from was found i 


> ae “ie to range from — — 4.6% to to + 4.5%, w with an average ceeianeiia of sii 0. (0.4 per cer a 
Plans of the Tremont gates at Lowell, ‘Mass, with copies s of Bias on experi- 


ia performed on these gates in June, 1868, by the late James B. Francis, 4 
ar: “3 Past- President and Hon. M. Am. Soe. C. E., were made available by Arthur T. 


Safford, M. Am. Soc. C. E. These ‘gates were set in a canal ‘and were 
apparently calibrated. by Mr. _ Francis in in order that they might be used to 
“measure the quantity of water passing: them. . There are two sluices, of 
‘wider / masonry, 9 ft w ide by 7.12 ft high, to ‘the top _ of the arch (see Fig. 1). 

Each ‘sluice is closed by wooden. gates: 10 in. thick; the floors are set above 

the bottom of the canal; and the openings are ‘flared. When in operation 

oe" gates were opened the same amount ‘and the head-water was: . maintained 

at about the level of the top of the e sluice. _ The head- -water elevation was 


measured in a | well at the Tremont cotton house after being ‘conveyed ies 


ite. apron by a i} - in. pipe through o1 one of the sluices (see Fig. 1). The tail- 
water elevation was measured on a wooden | gauge in the same well. The actual 

quantity water “passing g the g gates” was measured with a rectangular” weir 


means sof the Francis weir formula. Correction for velocity 


at the weir, but such correction 


would b be measured for future discharge measurements, ‘no error would 


8 The results obtained by Mr. . Francis were were plotted on logarithmic pa paper. 
= will be ‘noted in Fig. 2 that the resulting straight lines are not “quite 


 __ 2“DPischarge Coefficients for Canal Head-Gates’’, by J. S. Longwell and resi Hinds 
Members, Am. Soc. C. E., Reclamation Record, Vol. 10 (1919), p. 475; and “Rating Curves 
for Canal Headgates”, by Julian Am. Boc. Cc Reclamation Record, Vol. 13 
“Minutes of Proceedings, Inst. a Vol. 212, Pt. (1920-21), p. 228; also, V ol. 
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Table 


- heads. 


enings or 
and ca. 
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y ea 
0. 15 0. 
ee 


parallel 


 puoves Jad 3904 ul 
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1.0 1 20 "3.0. 4.0 


0.980} 0.699 0.713) 0.745) 0.765) 0.795) 0.950 
0.735| 0.672 : 0.739] 0.770) 0.800) 0.834) 0.932 
+4.0) -—3.5 2} —4.44 —4.7) +1.9 
0.721 0.739 0. 775 803) 832} 0.968 
0.693 0.739 803 0.934 
0.735 0.755) 0. 0.990 
0.717 0.744 . . 0.934 
0.755 0.768 . 845 1.004 
0.722) O. 0.745) 0. 0.931 
difference +4.6) +3. 1 +7.8 
0.767| 0. 6. 775 1.010 
0.730) (0.746 
46.0] +3.9 
0.766] 0.775) 0.784 
0.734) 0.724) 0. 
44.41 +7.0] 44.3 
0.778) 0.790) 
0.741 (0. 722) 
+65. 0 
0. 786 
0.752 
+4. 5) 
0.792 0. 797 
0.760 0. 720) 
$4.2 +10.7| 
0.794] 0.799 0.933 
0. 0.763} 0.727) 2 0.845). 
Percentage difference .8| +4.1]) +9.9] .O| +10.4 


Percentage difference +5.8| +3. 6| 44. 7| +5.4| +65.1 


The « in which the model of the was 


= 
especially for this experiment. consisted of four sections—a weir tank in 
which ‘the water was measured ; an entrance box in which the turbulence of 2% 
the: water due to pass passing over the we weir was absorbed; the channel proper with 


plate- glass sides and the exit box. weir tank was 3 ft 6 in. square, 5 ft 


deep, and contained a sharp- edged weir 1 1 ft deep, with a a 90° ‘notch, 1 which 
_ Was calibrated _by means of volumetric tanks immediately before being put — 8 


wew 


The water flowed horizontally, and with marked turbulence, from the weir 
° ‘emi into the entrance box. A vertical baffle placed near the exit of the weir ie * 
; ve, 


- box deflected the water downward and dissipated all the horizontal velocity. - 


Another baffle set in the entrance box served to accelerate the water gradually © * ay 4 
80 that it entered the channel with a minimum of turbulence = = 
‘The channel was 2 ft wide, : and the bottom ( a 4in. non-reinforced con- 
‘crete slab, 5 ft 3 in. 1. long, supported on two 3- -in. n. 5. 7 Ib IL I-beams) set 
3 ft 5 in. above the floor of the laboratory. gt It was designed so that there a ; 
would be practically deflection | under the possible | loading. 
sides consisted of 3- in. plate-glass windows supported in structural “steel 
- frames. _ A head r measuring gauge, reading | to 0.01 em, ran on adjustable rails, 2 
in. in diameter, which Were supported by in. bolts and double nuts 


§ eg. IN E UATION (1 n = 0.5) é 
— 
>| 
“1.5 0.803 — 
+31 
8. 0 +4.5 — 
4 
0.863 
3.0 0.808 
(3.0 +6.3 if 
| 
0.845 
0.782 
0.858 
$87 
A, 
ngs. 
~~ 
3 
q 
1 
ag 


spaced 9 in., center to the steel for glass ‘channel 
sides. This gauge was vas movable i in three directions so that measurements 
e channel. No. deflection was observed i in 


carriage 1 rails when the ‘gauge was: in operation. 


wee is collected in the outlet box, from which it is ; conveyed back to. =f 


reservoir. It from the reservoir through a centrifugal 
ae in which a constant surface elevation is 


_ A see scale ratio of 1 to 15 was determined upon as being the most state ] 
The model was. constructed in two parts which were grouted together r after 


placing the model in the channel. _A base section comprising that part of 
the model up to the floors of the: sluices was constructed of -sand-cement 


q 


“ms and white pine sawdust. This use of sawdust resulted in 1 a model 


approximately one-third as heavy as the sand- -cement mixture, and no notice- 


able swelling or shrinking occurred after it had set. The model was smoothed 
(not. polished) with an stone. 


thick; they were square-edged, | and were held ‘in place by wedges, 
ae elevation of the up- -stream water surface was measured, as in the pro- 


mee (see Fig. 1), by ‘means of a perforated pipe lying on the. apron in front 


~ 


the Pier and leading to : a glass well at down-s stream end « of the sluices. 


vertical ‘shutter arrangement controlling the tail-water elevation. 


> T 

re Tn making an experimental test the gates were first set to the desired 

opening with the aid of the traveling | auge and were wedged in position. — A. 
a pro predetermined rate of flow was allowed through the model, and the tail- -water 
elevation was controlled by means of the shutters So that the head- -water 


elevation would be at ‘approximately the top of the sluices. 


face elevations above and below the gates . and at the ‘measuring weir. Any 


conditions | had become constant, -Teadings were taken o water-sur-_ 


unusual conditions of flow were noted. The water approached the ‘model 
with little velocity. and an absence of ‘turbulence. After passing the gates 


_ there was considerable turbulence n noticeable i in the sluices accompanied by a 
surface roller near the gates. Under some conditions a hydraulic 


was measured down stream from the snc 


The experimental | results are shown by broken lines in | Fig. 2 and corre- 
ras spond. to the solid curves for the prototype. For different gate- openings these 


aa curves are ‘not parallel, as was the case with the « curves for the the prototype. bs This 


The gates were of redwood, 0.66 in. § 
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y Table 1 13 in \ that n is not a constant for all gate- “open 
, as obtained from the model experi- 
is ‘seen to to vary from + 1. 13%) to. 41 13.1% of the values obtained | from 
the pr prototype experiments with an average deviation o of + 9.0 per cent. The 


q _ values of ca obtained from the model « experiments for use in ‘Equation (1) can 


be seen to vary from — 0. 0.5% | to o+ 4, 1% of the values obtained from the proto- 
: type experiments | ; with an average deviation of + 1. 3%, with the 0.2-ft gate- 
omitted. With» n = 0.5 5 (which i is aged assigned to 


found to vary 
with an average deviation of + 5. per cent. 


ct @ 


a It will be noted that the results obtained for iis 0.2-ft ge gate-o opening were 
omitted f from the averages. This was done because these experiments support 


the recommendation 0 of Hurst and Watt’ th that, 


“Until further experiments on mo models of other define’ ‘the limit- 
on. ing conditions more closely, it will be well to keep the product of velocity, in 

centimeters per second, and the smallest dimension of the orifice, in centi- 
a meters, above, say, 100 [cm”® per sec = 0.11 ft per sec], and in general not to 
use orifices of less than 3 } centimeters [14 in.] in their smallest dimension.” 


bye 0.2 gate-opening corresponds to a 0.41-¢ em in.) model gate- 
opening and the velocity through the gates for a 5- ft head i is 151 cm per sec 
(5 ft per sec) which g gives 62 as the product of. velocity and least dimension 
for the highest head. For the 0.6-ft gate- opening, the ‘model gate- opening» 
is 1.22 em (43 in.) and the velocity i is 31 em . per sec, or 1 ft pe per : sec (H= =0.5ft) — 
which gives 38 as the product of velocity and smallest ‘opening. | - In ‘Spite of 
the fact that the 0.6-ft gate-c opening had values. of gate- opening times velocity fe 
of considerably less than 100, the results were included in the averages pe 
because of the good agreement between r model | and prototype results, 
eee ‘model gate-o openings are not greater than 3 cm (14 in.) ‘until the 
5-ft prototype gate- -opening is reached, and th the product of velocity, i in centi- 
per second, and the smallest’ dimension, in centimeters, for all heads 
is not greater than 100 until this same gate-opening is reached. Because of 
fairly” good agreement of the results obtained for model and prototype, it 
; “was felt that all results for gate- opening of 0.6 ft, or larger, should be included P 
in the averages. The average percentage deviation of values of ca (see 
Ai ig. -8(a)), as ‘obtained from model experiments, , from values of Ca obtained 
from prototype | experiments s for different heads, was found to increase 
| the head increases. — The | reason for this increase is s perhaps due to some pecu- 
“liarity of the sluice which was not copied exactly | or to the lessening effect of 
The recommendations of Messrs. Hurst and W were checked roughly. 
Good results were » obtained for smaller values of | least dimension and the | 
: product of velocity y and least dimension. ‘The lowest satisfactory values of 
these items obtained | in these experiments for all heads | tested were 1.22 cm — - 
(48 in. .) and 28 em * per sec (0. 03 ft? per sec), respectively. . Upon the bs 2 
of these experiments it would seem that the recommendations of Messrs, broaden Prk 
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AGREEMENT WITH Froupe’s Law 


ats For the engineer trying to interpret the experiments upon 
models of sluice- “gates, the laws that apply, are important, as well as the bs 
probable deviation of the predicted discharge from the actual discharge of 
the prototype. The model law for the case of - Sluice-gates* i is commonly — 


attributed to Froude and. applies 1 when terrestrial gravitation is the e predomi-_ 
nating force all other ‘physical forces affecting flow can be 


"statement of Froude’s 


4! 
Since gn = i. for the case under consideration, _- conversion factor is: — 


For 1 this model in which i= = 15 the value ¢ of as is 871 and, therefore, all model 


by 871 to o obtain the probable prototype ‘Gelling, 


a as 3 is a list of the percentage deviation of Qn from [* as obtained | 


of Qn 


Pre 


q 


amu 
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from - 7 * 1% to + 9. 8% with an average deviation of +4 4, 4.7 per cent 
This is clearly shown in. Fig. 3(b) where the deviation increases as the head , 


ite militade in Hydraulic Models’, by K. C. Reynolds, Assoc. M. Am. Soc. C. a 
Engineering News-Record, Vol. 118, No. 8 (August 23, sone). p. 238; and “Notes _ 
Dimensional Analysis and the Principle of Similitude’’, by K "a. Reynolds ter, | private 
distribution). Also, “Hydraulic Laboratory Practice”, Bdited by the late John ¥, 1908. 
man, President’ M. Am. C. E., pp. 759 and 7%, A, 8. M. B., N. 1929. 
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Versus ConFFICIENT oF 


in which | is the actual rate of flow passin the gates and A is the area - 
-opening. Both’ these numbers | are dimensionless and, therefore, have 


This plot is similar ‘to the plot « of the friction factor, and Reynolds’ 


mber, for pipes®. curves plotted for several pipes of different 
eniiee and the same e roughness, should follow, closely, an average curve 
since all circular: pipes can be said ‘to be geometrically similar. This is 


‘a fundamental requirement for dynamic results of further 


5 Textbook on by George E. Russell, M. Am. Soc. C. E., Fourth 
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care DISCH 


its sib as. given in Equation (5): 


This value of in is equal to the sails of velocity which indicates thet e 
or these gates the coefficient: of discharge i is equal to the coefficient of velocity, — ms 
or that the coefficient of contraction is unity. ‘The solution of Equation (8) hee 
will give values of ca for any gate- opening or head, for either the model or * 
the prototype, and for any system of units of measure. it~” 
“Fig. 4, therefore, might be used to check the consistency of encore 
results, to determine the law by which the coefficient of discharge varies, 
“to predict the discharge of any ‘similar model. In this’ connection, would 
be possible to construct and test a model and then determine the final size 
of the prototype by ascertaining the the model, as 
done at present for hydraulic turbines, 
weir was carefully calibrated before use in this model, 
oat it is believed that the errors from incorrect of 
n 
‘tubes at the model in n spite of all to it. This, 
“eaused some error the experimental results. is also” probable. that 


bs: Possibly there may have been some error in the ; gate- -setting; | but this was 


and the error would be less than 0.02 em, or —— in. . (0. 01 ft 


full: scale). In con constructing the sluices there was some error in width, , which 


ranged: from - -1 5% , to — 0.5%, with an average error of — 1.0 ‘per cent. 
This error in the “width of the sluice will cause the same per entage error 
ne _ During the experiment it was 1s suguested to the writer that there might be an 


in the zero reading of head that would cause part of the difference 


a model and prototype results. . Accordingly, | a series of curves with 

discharge raised to a power which would produce a straight as ordinate 
and gate-opening abscissa was made for the Several heads tested (see 


Fig. 5). The in plotting these curves were obtained from the 

The curves Fig. indicate that zero of gate- opening was — 0. 265 ft 


for the model experiments and — 0.135 ft for the prototype experiments. 
3 _ the error had been equal for both model and prototype there would have been 
none in 1 the ‘experimental results. The error in the model, however, is 0.130 


ent noted in Fig. 4 that most of the plotted points fall along a — 
the well-defined curve. The equation of this curve is, 
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ie greater eis: that for the prototype. This will cause an a error of 45.1 % in 
Tesults of t the model experiments. Since this error is larger for the smaller 
ss gate-openings it would result in a general lowering of the curves of Fig. 3 
be more for the smaller gate- 


Zero of Gate Opening 
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Gate Opening in Feet 


the models” were made smooth to the prototype was of ‘smooth- 
dressed stone and the values 0 of ranged from 33 to 67). "Subsequently, -eoat- 
ings” of fine sand and coarse sand were given one of the models i in which 


hada a value of 33. These sand. coatings: had the effect of reducing the | average 
discharge by & 5% and 9%, respectively, for a opened | sluice with 


si ei mum reductions in n discharge of 6. 5% and 11%, _ respectively, the effect i increas- = 


the top of the sluice, and the average ‘reduction in discharge was 2.4% and 


1%, respectively, the percentage reduction being nearly constant for all 
head reduction in discharge of the model will cause positive 


= with the head. % For the sluice four- -sevenths | open, the water did not — 


*), and negative per mtage depar ures of “an 
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1986 a SLUICE- -GATE DISCHARGE 
“Messrs. Hurst and Watt declare” that, 
is exactly Proportional to the ‘square of ‘the velocity, “the sedation, 
= is departed from. * The effect of frictional 
_Tesistance becomes less as velocity and dimensions i increase.’ a these se factors 
are conducive to positive percentage departures from Froude’s law. On the — 
"basis of the results s obtained the writer r assumes that t the ‘roughness 0: of the model 
the Tremont “gates simulated the ‘roughness of the prototype “fairly 
since the latter was fairly rough, the value of was small, and ‘the model had 
the roughness ‘of about No. 0 sand paper. 


‘Conciusions 
In this paper the writer has attempted to show that: (1) Models Is of sluice- i 


gates can be depended upon to predict the discharge of their prototypes with 


_ reasonable accuracy ;'(2) Froude’s model law will apply to the discharge of 
e sluice- gates; (3) roughness of both model an and prototype ‘must be given con- > 
sideration in the construction of the model; ; and (4) good results should not 

“be expected for small gate-c openings and and low v velocities. 
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AMERICAN SOCIETY CIVIL ENGINEERS 
a Le Mig Founded November 5, 1852 | 
DISCUSSIONS: 


a bye 


JouN I PARCEL, M. AM. Soc. ¢ EB, AND 
LDRED B. ‘MURER, AM. ‘Soc. C. 


Am. Soc. C. E. and Etprep B. Murer,” Jun. 
Soc. E. letter). —The discussions submitted | have raised a a number | of 


additional points of interest not mentioned in the | paper or at most touched 
r= very lightly, a and they have also called attention to certain apparent _ 


obscurities of statement. 7 The writers are much gratified that, for the most 
part, the discussers appear to agree with the main conclusions of the paper. 
Sandberg makes a very good point wi with reference to the importance 
. of knowing the effect of | high secondaries upon the ultimate strength of mem- eS 
bers in the case of determining the strength of old ‘structures still in service, 
where it is proper to use a much lower margin of ‘safety than would be the a. 
case for a new ‘structure. . He mentions the | common occurrence of eccentric 
connections in 1 such structures. Iti is important ton note that secondary ee 
Di arising from this cause are of a character quite” different from those con- 
templated in the: paper, as will be further 1 noted in the consideration of 


The point of Mr. Gedo's criticism is not “quite ‘He notes as a 

“disturbing element ‘that secondary stresses ‘ ‘sometimes are ascribed to the 
deflection of the truss * and sometimes to the gussets”. This 

was not the writers’ “intention. Secondary stresses as herein ‘considered, of 


course, arise from combination of the deflection of the structure and the 
stiffness of the joints stated in first, paragraph under the heading, 


Analysis of | Problem’ 4 The frame-work shown by Mr. Gedo in 1 Fig. 22, if a ’ 

‘assumed as rigid, would d exhibit neither 


_ Nore.—The paper by John I. Parcel M. Am. Soc. C. E. , and Eldred B. Murer, - 
Jun. Am, Soc. C. E., was published in November, 1934, Proceedings. Discussion on this 
te has A eo in Proceedings, as follows: January, 1935, by Messrs. C. H. Sand- = 

and J. D. Gedo; March, 1935 by Messrs. L. Grinter, 
Fahy; Fy August, 1935, by Messrs. LaMotte Grover, 

Cons. Engr. (Sverdrup & Parcel), St. Louis, 
Detailer, Sverdrup & Parcel, St. Louis, Mo. 


a Received by the Secretary December (6, 1985. 
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_ The first three paragraphs of Professor 8 very able con- 
in a | particularly | clear and forceful statement of the salient points - involved 
i im estimating the importance of secondary stress upon ultimate strength. 
Professor Grinter | disagrees with the statement in the ‘paper that the joint 
atioe rotations upon which the secondary s stresses are conditioned increase in direct 
+ proportion to the load. . He regards this a as inconsistent with the title of the 
‘paper, , which would indicate that the conditions to be considered are those 
in force when the ‘structure is stressed ‘to its ultimate limit, i in which case 
states that the displacements would be times as great ‘those 
“computed on the basis of elastic behavior, 
is believed that this criticism a It i is definitely 
in the Paper that the effective ultimate strength of a tension “member 
= marked by the yield point of ‘the material, ar and that ordinarily a cot a com- 
pression member will fail at a point slightly above (and, on occasion, at a 


below) this: The most ‘important ‘eonelusion of the 


tress over the en 
So long as average axial stress remains within the 


the joint rotations cannot increase. faster than ‘the loads, since they 
are direct functions of the changes of length of the truss members, ‘and the 


Matte, so long. as Hooke’s law prevails, are directly proportional to the loads. 


Tt was not the writers’ intention to consider the distortions : arising after the 


average primary unit stresses had reached the yield point. bh Si 
Professor -Grinter apparently feels that should not place too much 


| dependence upon the analogy between local over-stress due to secondary bend- Et 
— ing and ‘that due to a number of other. causes mentioned in the paper. With 
; this: | opinion the writers are in entire agreement : as should be clear from ‘the 
statement made i in next to the final paragraph of the ‘Paper. The point to be 
was merely. that standard practice at present permits certain violations 


ae of the general rule that all stresses should be kept within the yield- “point hyd 


and that the mere fact that "secondary stresses exceed this limit do oes not 
further consideration, ‘establish them as dangerous. 
suggestion that due consideration should be given the fact that 
high secondary bending places” added strain on the material around rivet 
Be op which i is already | strained considerably | bey: ond the surrounding m material, 
is worthy of special consideration. _ The importance of this effect is considered - 
in some detail in Professor Fahy’s 8 discussion. | Undoubtedly, further experi- 4 
iy mental work upon the entire problem o of the ‘detailed behavior of riveted and > 
welded joints subjected to a combination rimary and secondary 
Professor Grinter raises several interesting regarding reversal 
of stress, repetitive stresses, and impact, although the writers are inclined to + 
feel that this interest is largely academic. As regards 1 reversal and repeated 


stress, the > following should be noted: PROS han 


any ordinary bridge truss, the only members in which a marked 


reversal of both and stresses takes ‘ieee: are the 


> 


a 
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reversal of total extreme fiber stress ranging from — 20000 Ib per sq in. to 


end posts, ‘short web members in end panels—ordinarily do 
not reverse either primary or secondary stress in a truss with | simple webbing _ 
as is commonly used for bridge t trusses | of spans up to about 300° ft. 
For longer sp 
q bers may show a very y large pantuory in live load d secondary bending (although ; 
not, of course, in primary stress) when the secondaries are computed in 
: onventional manner. When a more accurate analysis is made, taking: into 
the induced distortions,” ‘the “secondary moments, are found to be 
a reduced, and, when dead load effect is considered, they will almost 
never be sufficient to reverse the total extreme fiber stress appreciably. 
Structural steel with a yield-point value of 35 000 per sq in., may 
ibe expected to show a safe “endurance range” of from, say, — 20000 Ib per 


a4 sq in. to +. 35 000 Ib per sq in.; or, when 1 no reversal takes place, from 


0 to 45 000 Ib Ib per sq in. —6wdt is believed that the present study shows conclu- 


sively. that in no case can an extreme fiber stress be developed to “exceed the 


_ yield-point value (35000 lb per | sq in. in this case) until the primary stress : 


| _ approaches this limit ; that i is, until failure i is impending, regardless of f secon- — 


bending. It is also’ believed | that only a “freak” truss will ever show a 
35.000 Ib ) per sq in. The extraordinary case where such a action. may take 


Professor G Grinter argues that imp: es “must must be treated separately, 
since” they may be practically instantaneou n character, allowing no . 
relief to develop through plastic flow. “This isa a 
“requires some further development of the eonception of relief” 
: sift a designer i is | working to specifications r requiring a minimum m yield point 
, of, say, 33 000 Ib per sq in., , and if he finds that in a certain compression mem- 


ber, for example, the computed maximum primary unit stress is 20 000 Ib 7 


per sq in., , he will naturally infer that his material at the face of the secede; = 
is stressed 5000 lb p per sq sq in. beyond the yield point and, therefore, in danger: 


collapse. due to local buckling. A principal conclusion of the Paper was: 
- that, due to relief from plastic action, a stress greater than 33 000 Ib per si sq. in. eee 


such a case cannot possibly develop under any degree of secondary bending 
practically. ‘realizable. +r Remembering that in secondary § stress action it is dis- a 
_ tortions and not stresses that are fixed, it is pertinent to | ask: What will be 


the effect on the material if a given deformation is imposed on a member 


rapidly that the ‘material has no time to flow? It: may be presumed that 


this case a much higher stress will develop, but since it is strain and not stress 
eye 


which, -Tepeatedly applied, tends break down the material, is not 
- clear that, as long as the strain is the same, whether imposed ae 


- or gradually, there is any serious effect from the _ added stress required in the 


“el ® “Secondary Stresses in the Kenova Bridge’, by G. A. Maney and J. I. Parcel, Mem- 
bers, Am. Soc. C. E., Univ. of nr Studies Engineering, No. 4, ® 


Loe. cit., p. et seq. 
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former ease. So far is known there are “no experimental data” bearing 


Professor Grinter states that “it is difficult to visualize impact as producing 
and joint r rotation”. “it would appear that since such displacements 
are the direct result of the axial deformations o of truss members, as previously 
noted, they sh should be as clear and definite as distortions arising from other 
sources. Any calculation of ‘Secondary | stresses | should always include impact. 
rr. effects : as well as » those due to static live load, and recent researches appear to 
; | agente that the he allowance for impact required in standard railroad bridge 
specifications is probably considerably greater than. is ever actually realized. 
_ Professor refers to “t the authors’ suggestion of the: entire neglect 
secondaries”. No such suggestion was made; on m the < contrary, the writers” 
speifically state “the results. of the investigation do not justify the conclusion 
secondary stresses are a ‘no importance”. The exceptional cases cited 
+ y Professor Grinter as possibilities : are among the 1 reasons for this conclusion. 
a He states further that ‘ “in the ‘Past the question as to whether secondary ~ 
ze bell be introduced into a design has been 1 largely academic, because — 
of the lack of a convenient method of secondary sees enalysis” and that, 
“only with the introduction of the Cross method and the writer’s simplified 
“method has the 2 designer h had available a simple, rapid a and understand- 
able method of secondary stress analysis”. _ With this statement, the writers — 
are in ‘complete disagreement. _ They have the greatest respect for the brilliant | 
_ method of analysis introduced by Professor Cross and extended by Professor 
Grinter, and they : recognize, of ‘course, that. there is always wide difference 
a of opinion among individuals as to the convenience and effectiveness of differ-— 
7 ent analytical methods. So far as secondary stress computation is concerned, — 
however, an extended | experience has convinced them that the slope- -deflection - 


method, when. the equations are solved by the method of successive substitu- 


, ‘Gam 7 is a more rapid and convenient method than moment distribution. _ This 
method of solving slope- -deflection equations has been in use for at 


mm 


7 
> = Mr. Evans agrees with the main conclusions of the paper and notes that 


ie Pong .* has for some time held similar views. In this connection the writers would. 


A ia like to emphasize the statement made i the paper that the idea of large 
—— _ stress relief in the case of high nominal secondaries i is by no means new and 


has p d by a number of authorities here 2 and abroad during the 


een propose 
Mr. Evans cites a most case arising in his practice a number, 
ae ‘2 years ago» in which a design solution was evolved, which embodied essen- 
i tially the conclusions of this paper, and the subsequent results of which afford 
confirmation of the soundness of the design. 
a. eam _ The writers, consider Professor Fahy’s discussion a most important contri- 
bution to the subject. is: so thorough and clearly stated a as to offer 
_ room n for comment. — They shave found his" detailed study of rivet stresses 


and comments thereon especially Tamineting. regards” the last point 


made in his di discussion—the effect upon gusset- plates. of a combination of 


high secondary primary stresses—they_ feel that some further experi- 
is needed before conclusion ns can be drawn 
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Until Br bilan is available, they are inclined to agree with him that 


in all doubtful cases the edges of gusset-plates should be reinforced. iis 
Mr. Grover raises number interesting questions, particularly a as 
_ the effect of secondaries on riveted and welded connections, some 


of which are partly answered | in Professor Fahy’s discussion. His questions 


 Grinter’s discussion. He particularly to the stress concentration aris- 
at the edge of gusset- plates point which should receive special con-| 
‘sideration i in . further investigations. . If the writers understand correctly what 


in the stresses ‘which he refers. any ‘ee secondary st stress of ‘equal 

intensity occurring in the body of a member. te 

inward dishing of the cover- -plate_ to which Mr. Grover was not 


offered as a phenomenon which could be depended upon invariably, but rather 


in the member ‘would tend to offset the apparent of the 


Eremin raises two imp rtant points which perhaps should have 


emphasized more in the paper. i is true that the term, “secondary stress”, 
ie been used rather loosely in the literature of structural engineering « and 
js sometimes aes thought of of as any bending stress developing at the ends of 


-member i in a framework with rigid joints. This, « of course, is not the type of 
Ba _ stress with which the > present investigation deals. it is noted in the “Tntro- 
2 . duction” that secondary stresses are not ‘require ed to maintain the equilibrium — 


the structure, which clearly excludes such types as the Vierendeel truss; 
ie such | structures are 2 unstable without the resistance offered by the an : 


Under the heading, “Analy sis of Problem”, it is stated that, ae Ms 


when the ‘secondary. ‘unit a high percentage of the primary, 
the secondary moments offer no appreciable assistance in carrying the loads, 
and the members are always designed on the basis of full hing action 


Perhaps: this statement is too : sweeping although ‘the 
writers know of no case in which : a bridge or building truss (using ae 
truss, to mean a framework with m > 2 n — been designed s 80 as il 
inelude the e secondary bending in the 
a structure ‘were so the bending moments in the members 


e scope of the 


pu For the most part, the same remarks apply to so-called “secondary stresses 
arising from joint eccentricity. Such stresses are _Tecessary maintain 

the stability of the structure; ; in general, they will, increase substantially i in 
proportion to. the primary stresses and, since | certain definite 
moment is to be NOR, , no relief will result from local stressing beyond ea 


In conclusion, the writers wish t express their the 
their valuable contributions, which 
usefulness of the paper. 
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"RATIONAL DESIGN OF STEEL COLUMNS 


rer 


D. H. Youna,” Jun. Am. 


the majority of the discussers'a are in agreement with the e proposed basis for ‘the 


design of steel columns | as stated at the of Section the paper. 
However, since some criticism of it has been made on the ‘grounds that it is 


unjustifiable, it is, perhaps, worth while to recapitulate some of the 


tions that led to its 3 proposal. 


First, in the case of a compressed column is an “accepted fact that 

imperfections, such as initial -crookedness, accidental eccentricity of 
Joad, irregularities in cross- sectional area, and lack of homogeneity of the 


material, affect, considerably, the behavior of the column. It is also well 
known that the effect of such ‘imperfections can be represented either by 
: an assuming a definite initial ‘curvature of the column axis or by assuming a 
definite eccentricity of the compressive load. . Thus, in 
behavior of actual ‘columns under load, it is not only justifiable, | but abso- 
lutely ‘essential, to make one of the foregoing assumptions to allow for the 
effect of general imperfections, regardless of how indeterminate | proper 
‘degree of initial curvature or eccentricity of load m may be. Such an -assump- 
‘tion j is a far Jaen Seeman point than being ‘ “merely a method of applying 


a variable factor of safety” as Mr. Osgood calls it. 


eo Accepting the logic of this assumption, the second step is to consider the | rs 
_ general behavior of a pin- -ended, initially curved, steel column under the aie q 
a gradually increasing compressive load ‘Fig. Such a column j 
begins to deflect laterally from the beginning of loading, and at a certain — 
value of the compressive - load yielding begins in the extreme fibers at - 
oa -section of greatest | bending moment. " This beginning « of yielding may 


termed a “localized failure” of the ‘material and the corresponding value 


—The paper by D, H. ‘Young, Jun. Am. Soe. E., was published in December, 
1934, Proceedings. _ Discussion on this paper has appeared in Proceedings, as follows: 
March, 1935, by Messrs. Osgood, Alfred Niles, J. F. and K. L. 
-DeBlois; May, 1935. by Marvin A. Gray, Esq.; August 1935, by Messrs. G. Sturm and 

Marshali Holt, F. BE. Turneaure, N. J. Durant, E. C. Hartmann, and ihiward 
and December, 1935, by L. T. Wyly, M. Am. Soe. 
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®Instr., Eng. Mechanics, Univ. of Michigan, Ann Arbor, Mich. 
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of the compressive load denoted by Py As the load ¢ ontinues to increase 
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: above the » value of Py it soon reaches a value at which the column buckles ; 


_ that is, continues to bend laterally, without further increase of load. ‘This | 
4 condition may be termed | “complete failure” of the column, and the corre- 
sponding load, P,, is the imate. load that the column can carry. In con- 

sidering whether Py or Pu should be taken as a basis for the selection of the — 


working load for a steel column, the writer chose Py for the ‘following reasons: 


The beginning of yielding a definite damage to the material, 


nay well be regarded | as the limit of 
= column. That the Engineering Profession is well agreed on this ‘Point: 
is evidenced by the fact that it is accepted practice to select the working loads» 7 
for beams, subject to transverse loading, on the basis of that loading which © 

first in the extreme fibers of the beam. | 
(2) The determination of the ultimate load, necessitates a complicated 
analysis involving the properties of the material beyond the proportional limit — 


ordinarily defined) ‘The degree of accuracy with which these “properties 
be can be known is not very 1 high and, 


load, P,, are of more academic than practical 


For eases of actual see! columns itil imperfections: must 


“When Mr. Osgood the basis for on the grounds 
that “it results in excessive safety for short columns, _ * * * and it makes 


- the H-section appear stronger than the rectan ular section, ny he is 
ge 


using’ ‘as a definition of strength the ultimate buckling load, 
be believes that, to be consistent, Mr. r. Osgood | should object also to the present, — 
accepted, basis for. design of steel beams, subjected to transverse 
loading. © In this case, also, current design nm methods $s make t the I-section appear 
stronger than _the rectangular section when judged on a basis of 


—, In fact, this difference is even greater in the case of beams than i = 


Finally, in calculating the load, Po the writer ‘assumes material to 


ollow Hooke’: s law up to the yield- point In his discussion, Mr. Osgood 

concludes that “it is entirely unjustifiable, therefore, to assume the ideal 7 
 stress- strain diagram of Fig. 3 in explaining the behavior of columns, except ve 


possibly at large values of the eccentricity ratio.” > Asa matter of. fact, there 


is good justification for this assumption on on two ‘counts: 


0.1. Indeterminate as the A, may be, there is good indication 
that (except, fas very. short ‘columns, ich ways fa 
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necessitating an all llowance for —>0 


x must be expected i in the ca case of actual columns. a 


tion in 1 yield point nt and in the: form of ‘the stress- strain curve in n the vicinity 
* of this point, * * * * venders a a more exact treatment * * * fo little practical 


of Rational Design Formulas. on: proposed basis, 


rational design formulas are developed in the pa paper for the case of a pin-ended 
é column under two conditions of loading: mc) the condition of loading con- 
sidered in Section 2 2. of the p paper, w which is simply that of two compressive 
end loads; and (2) the condition of loading, considered in the first part of 
‘Section 4 of the | paper, which. is that of compressive end loads applied with 
given accidental) eccentricities, and e. >, For Condition (1) it is 
most convenient to allow for the effects of "general imperfections by a assuming 
an initial shape of the column axis in the form of a half-sine wave having 
a maximum ‘deviation from a straight line through the ends of A. — The’ 


determining the which first are ‘represented by 


‘Equation (19) and Equation (22). As mentioned by ‘Professor Niles, design 


Byer can be derived by the same procedure for other conditions of <hoee 


for example, such as a combination of axial and transverse loads. — 


Considerable discussion hinged upon the writer's choice of A= 


allow for the effect of general imperfections in the fundamental case of f a pin 


ee aan column. One finds, among the discussions, suggested values ranging 
given by Mr. Gray, to — as given by Mr. Godfrey The writer 


ose —- from a study of given by various 


‘Professor Turneaure suggests that this value seems too evere 
and points out that, as a result of its studies, the Special ‘Committee of the 


Society on Steel Column Research adopted : a crookedness value which corre- 


sponds — must be kept in mind, ho 


one value, A= ™ as chosen by th e er, is int d to all ow, , not oad 

crookedness, but also for accidental eccentricity of load, variations in 


eross- -sectional | area, and. all imperfections in “general. For the most part, 


Committee used special bearing- -blocks by which eccentricity of load 


could be controlled and, hence, no conclusions can be made from tests, 


of case 
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of columns in actual structures. — The writer agrees with Me. Wyly that a 
~ careful study. conducted, ‘not only i in the laboratory, but also in the field and ‘i 
shop, is necessary for determining the proper | allowance for the effect of 
imperfections. . Wyly’s discussion shows clearly the variety of face 
f to tors which must be considered in the adoption of a reasonable value for 
i ‘such a factor as A. Particularly does it show that initial crookedness is by 
no means the pr predominate factor among - general imperfections and that errors 
in alignment, etc., may result in very high accidental | eccentricities of load. 


Thus, the writer does not believe that his proposal of A = 


_ ‘means ultra- conservative. Mr. Wyly, however, presents good evidence to the 
Dp ec that the value taken for A should include a constant ants m plus a a term 


Rational ‘Formulas vs. Empirical Formulas. —Equation (a2) will serve as 
a basis for a comparison n between rational and empirical. design’ formulas of 
the straight- -line and i parabolic types. The principal advantage of the e rational 
formula is that, it _ shows explicitly what factors affect the strength of a 
column and, in addition, just effect each factor has. example, 
Eq ation (12) shows the strength of a pin- ended steel c column to depend 
upon the following factors: (a) Properties 3 of the material, as represented by 
and £; (b) the extent of general imperfections, as represented by AS 
_(c) the slenderness of the column, — ; and (d) the shape of the cross-section, 
as defined by the core radius, ‘I, as compared with the radius of gyration, tr. 
‘The only argument ever advanced against the rational formula is that 
‘it cumbersome to use in practice. ‘Regarding empirical design formulas, 
is beyond question that the only argument in their favor is t their : simplicity. _ 
to the arguments against them the writer can do no. better than 
‘refer to the discussion by Mr. Durant, with which he is in complete | 


J To Mr. Durant’s against, the empirical formula, on 


7 


p 


q 


‘the various factors that influence the strength of the column with which he = 

is dealing. In this w way he may ay be able to take a advantage, whenever possible, of : 
favorable conditions, regarding one or another of the aforementioned factors — oe 


and thus make some saving in material or improvement in design. +i On the | , 


4 other hand, if he works day after day with a straight-line or parabolic = a 


of formula in which appears to be the only fi factor affecting the strength of 


a column, he may soon forget the general characteristics of column action 


and, particularly, the inherent 1 uncertainties s which go w vith it. eR 
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Equation (12) to the case of a column with other 
of support, the writer agrees with Messrs. Sturm 
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oe that 1 this can — done by using in Equation (12) a a modified value a 
oof Se, aS given by Equation (86). _ This is an important point ‘since it anh 


the ‘range of application of Equation (12). Furthermore, it is 

oo a point that was not stressed i in the paper, and | it is well that these discus- 
% o called attention to it. However, as a general method of dealing 
as with columns having other than pin- -ended conditions of Support i it has ‘its 
definite limitations and | since these limitations were not mentioned by the 
discussers it is, perhaps, wo worth ‘th while to eall attention to them. | 
To begin with, such procedure evidently takes for granted that when 
; yi ie elding first begins in the extreme fibers, the column axis will have such 
inflection points that the “free length” between them will be equal to the 


~ 
S> 


— 
x 


“reduced length, I/ = as determined by ‘Equation (86). In ‘general, this 
BE circumstance w will be realized only by virtue of the existence of two condi- - 
ie by The first i is that, » to allow for the effect of general imperfections, one 


= 


assumes an initial shape of the axis of the column which agrees s in form 


configuration of clastic buckling consistent with the constraints. 

y Only by virtue of such an initial shape, will the ‘ “free length” between inflec- .. 
tion ‘points remain constant during: loading and equal to the effective Pp 


In view of the highly nature “of general imperfeo- 


tions, it ‘seems justifiable i ” any case to assume such an initial shape, thus | 
- fulfilling the first condition in effect if not in fact. " The second condition 


a: which | ae be realized is that, during loading, any 1 moments arising at points 


. of constraint must be independent. of change i in length of the column due to 
aa. compression, because, regardless of the choice of an initial shape, "if such r.. 
secondary moments do arise they will cause th “f length” be tween it inflec 
y moments do arise will cause the ree leng etween i ec- 
tion points to change gradually during loading. For such cases it is ‘not 
a justifiable | to use a reduced length, L’ - =F in Equation (1 a in calculating a g 
"aaa i summary, the use in Equation | (12) « of a modified value of se, as given a 
aes, “by Equation (86), for the calculation of the load first producing yielding i in Ea 
a ae the ease of a a column with other than pin-ended supports will be justifiable: _ ae 
BS (a) For all cases of of columns in which the ‘Manner 0 of support i is such that Be, 


ae the constraints are of an inelastic nature (see Fig. 31); and (b) for columns 
. with elastic constraints, providing the arrangement is such that bending of 
} “the | column, during loading, is independent of any change i in its length due 
compression (see Fig. 32). : same procedure | will be unjustifiable for 
“fe columns with elastic constraints where the arrangement is such that bending — 
of the column, during loading, depends upon change in its length due. to 
oe (see Fig. 33). _ Cases, such as those shown i in Fig. 33 represent 


eolumn action in rigid-frame construction and require special consideration. 
writer does not agree with Professor Turneaure that any allowance 


Be 2 the form of a reduced length equal to 85%, of the true length should be 
for possible end constraint due to friction in the case of pin- -ended 


Ja 
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— 
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: nected structure were static, but in the case of bridges, subjected to. moving 
loads, vibrations of the structure | are certain to be set up . and such vibrations 


enn procedure might be justifiable if all loads on a pin- con- 


ean easily result i in a gradual ational of the ends of a pin- ended com- 
pression “member. hus, | it see 
-ended column ‘is too uncertain a r to justify any advantage 
of it that under. certain conditions a pin- -ended column 


Columns in Rigid Frame Construction. —It is pointed out in the paper 


th ‘that an exact analysis of action in construction is too 


and Equation. (22), or curves, » wach as those of Fig. 12, plotted from these 
equations, asa basis for design. Such a amounts to the 


conservative and the 1 use of and (22), ¢ or curves s like 
of 12, them must, of course, result ‘some 


example, in he case of ‘the aan are more 
rigid than the web members. | As a result of this the effective length of a a 
member will be than. its true length. On the 


- hand, web 1 members are usually b bent in double curvature so that the maxi- 


mum fiber stress occurs at one end and the ‘member can be . designed | on nthe 


basis of ‘Equation (19). where no question of effective length is ‘involved. 

Again, as as emphasized by Mr. Durant, chord members receive little constraint 
Reso the web members, and their e effective lengths are approximately their 

geometric lengths. This is particularly | true when one considers the behavior 


ES a chord member i in a plane perpendicular to the plane of the truss. 7 he 


me 
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Column Re is justified in its 


gelection of: an effective to 15% of the geometric length for all 


cases of compression members in a riveted truss. 
Built- =e 


= can ‘be used as a basis for design length, as 


oo. by y Equation (27) or - Equation (28). In this case, the fictitious ie ea, 
= = is greater than. the true length, L, thus compensating for the additional 

ee exit of the column due to. shearing deformation of the lacing or battens. 
Regarding the proportioning such as lacing or batten bars, to 


~_ certain that the built-up column will act as an integral unit, Mr. Wyly 7 


raises considerable objection to present "specifications ‘regarding this point. 


4 The writer believes that a proper basis fo for the design of ‘such ¢ details is pre- 
sented in Part II of the paper. The : manner of allowing for the effect of 
general imperfections, as regards shear, is discussed in the . second half of Sec- 
tion 5, and | corresponding design formulas (Equations (33) and (39)) are 

developed Sections 6 and 7. manner of allowing for shear due to 

- eoundery end ‘moments which o occur in the case of a a column in a a truss, is 

discussed fully in Section 8, and Equation (45) is is proposed ‘as a basis for 

ee design. Ati is seen that in the case of a short column under the most unfavor- 


~ able conditions, both as to general imperfections and secondary end moments, 


the necessary allowance for shear may be so . high as to prohibit the use of a 
column of non- -solid cross- rection ae 
Durant: ‘points out that to be rigorous in the of 
a the equations of Sections 6, 7, and 8 of the paper, the writer should have used = 
ee as the basic differential equation of the elastic curve, Equation (97), instead 4 
of Equation (96). Although this is true the writer believes s that the error 
BAG. 24 ‘in the average shear stress, vy, as given by Equations (33), (39), and. ©, 
a ean be somewhat compensated for by using, in these equations, or in the curves — 
i ee plotted from them, the fictitious length, it, L’, as given | by Equation (27) or 
Equation (28). Incidentally, the error appears to be on the side of safety. 
Miscellaneous. —Messrs. Sturm and Holt attempt to extend the range of 
ie of Equation (12) 1 ‘to the determination of the inelastic buckling 


or. load by the use of a reduced Eulerian value, s s’, as defined by their Equations ; 
(84), and (85). However, they give ‘no justification for such a pro- 


ire, except that values of sy, calculated from their Equations (87) and (88) 


“satisfactorily” with certain test results* The obstacle to 


. use, in 1 Equation (12), of a reduced Eulerian value, 8’e, calculated by ‘the 
“use of a reduced tangent ‘modulus, is that: such a ‘substitution (see _Equa-— 


tion (87)) amounts to the assumption that the 1 material throughout the ye fall 
Tength of the column behaves in accordance with this” reduced modulus, 


= 


__ whereas this inelastic behavior is ‘usually confined toa relatively short portion 

Mr. Hartmann proposes a ‘column formula (Equation (108)), the use of 
which advocates in actual design. . Mr. -Hartmann’s exceedingly careful 


“Strength of Tubing Under Combined Axial and Transverse Loading’, by L. B. 
= N. Petrenko, and C. D. Johnson, Technical Notes of National Advisory 
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in which, subsequently, he illustrated the of this ‘formula, 
riter’ 1ce for shear a umn and the 
A, E. R. A. Specifications, He assumes that the factor of safety has 
‘ie Professor Niles shows how the equations in Sections 4 and 8 can be simpli- 
fied somewhat for practical use by retaining in them the variable, Im) r 
- defines the position of the section of maximum bending ‘moment. His Equa- 
tions (54) to (58) ‘should prove useful any one who desires’ to plot sets 
of curves like those of Figs. 12 and 
Mr. Hartmann « questions the comparison made in Fig. 16 between the 
w rriter’ s equations for allowance for shear in a pin-ended column and the 1925 aah 
A R.E. A. Specification, ‘He assumes that the factor of safe safety: has 
been overlooked and suggests that values of —4 instead of vy — have been 


which would have had the effect of lowering all the writer’s curves 

considerably. Asa ‘matter of fact, what the writer did was to double all x 


of ‘the straight line representing the A. R E. A. on 


the assumption that it intended a factor 


In closing, it} is worthy of notice, as brought out by Professor Baker, ‘that : 
a ‘rational column formula, including the effect of all factors in 1 Equation (12), 


except of the shape of the | cross- section, has been incorporated in the 


and that a British Steel Committee ‘is considering the 
problem of steel columns subjected to secondary end moments » as i in the case 
of cor compression members in rigid frame construction. 7 It is s hoped that this 
_ paper may have some influence in bringing the design 0: of steel | columns in 
E the United States to a more rational basis than is represented by present- -day 
practice. . The writer agrees completely with Mr. Gray in his statement 
the paper “touches only lightly on the subject”, but he agrees also v with Mr. 


that ‘ “its attack is in the direction.” 
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Peck, = Assoc. Aw. Soc. 0. E. (by letter). 

“Description of Tests: and Failures” ’ (see following Fig. 11) the author states: 
“The curve obtained was of an entirely ‘different type from that of the others» 
in this entire series of tests. . This curve suggests a subject for further investi- 

: gation.” He was referring” to Specimen 14, Run n 3, in which a specimen ‘that 
had been tested beyond the elastic limit, but not to destruction, was loaded in 


the reverse position, thus simulating the condition « arising in a wind- bracing 


_ connection when the direction of the wind changed 180° (see Fig. 3(b), 
"Specimen 14, Run 3 further inquiry into to this condition, therefore, is 


Two types of. connections w were for testing in the labora- 


nds of Inch-Pounds 


jousan 


Th 


Moment in 


ig 


ter 
in. Girder Beam Knife Edge. 


22-in. Girder Beam 


rr ae and 14 (see Fig. : except that the over-all length was 10 ft instead of 6 ft. 


Two ‘specimens of each type were made Up, the entire investigation thus 


A eee Notn.—The paper by J. Charles Rathbun, M. Am. Soc. C. E., was published in Jan- 
uary, 1935, Proceedings. Discussion on this paper has appeared in Froceedings, as fol- 
slows: February, 1935, by Ralph BE. Goodwin, Assoc. M. Am. Soc. C. E.; May, 1935, by 
ne Messrs, — C. Rowan, Walter Scholtz, J. F. Baker, L. BE. Grinter, and GC. R. Young 
and K. Jackson ; Mirabelli, M. Am. Soe. E.; and 1935, 
Asst. Prof., Civ. ‘Eng. Coll, of the City o of. York, York, N. 
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ex rimental technique identical with that followed by the 
~ author. | The dials used in measuring the angular r rotation were re placed as 
- oe’ in Fig. (6, except that Dials M, N, O, and P, were omitted. The method ~ 
used to reverse the direction of the ‘aielien « of the load is shown in Fig. 45 
the knife- -edges, A A, being changed from the bottom to the top — ‘wae 


i its was desired to change the direction of loading, 


ds 


— 
> 


ds of Inch-Poun 


_ Moment in Thousan 


on 


—0.002 —0.0015 —0.001 —0.0005 0 "000 002 —0.0015—0.001 —0.0005 5 0.001 0.0015 0.002 ane 
‘Fie. 46 or Tests ON SPECIMENS. 


The specimens were loaded according to the schedule given in Table 8, ae 
loads being the total applied to the central plate of the specimens. 4 In n Figs. 46(a) 

Ee and 46(b), the angular rotation, , expressed i in n radians, of the connection was com- 

Ee puted by 7 the s ame method as that used by the author, and the results of each | 


1 were The results from the tests of the two identical specimens 
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ests 


then averaged so that the -Tepresent of t 


TABLE 8. —Srqu: ENCE OF I I OADING 


— 
Loap, 1s Pounps | sive | Loap, Pounps | sive Loap, 1 IN  Pounps | sive Loap, Pounps |_ sive 
& 


ments, ments, | 5 ments, 


of ‘S| From: | To: nds of ‘S| From: To: 


ands From: | To: 


000, 9} 16 000) 2 
000) 24 000 
000] (1000 


$000 8} 1 000) 27 


1 000 —16 20 000, 31 
4 ‘DIRECTION REVERSED (— — 


DIRECTION REVERSED DIRECTION REVERSED 


—8 000, —1 000 14; 1 000 16 000, 23/— 1 000|— 24 000; — 32| 
7; —1 000) —1 000 15} 16 000 1 000) 000/\— 1 000| — 4 


EL ELE 16] 1.000; 16 000) 25|— 1 000\—24 000; — 4. 


The writer presents these curves with the idea that the reader can draw 


~ his own conclusions from the data. ‘The small number of tests involved makes - 
it difficult t to generalize too extensively on the action of wind-bracing connec- 
tions under a reversal in wind direction. ‘The tests do indicate trends which | 


may b be summarized, as follows: 


Under repeated loads in the same within the limit, 


"the connections | behaved elastically because the 
considered to straight, , allowing for hysteresis effect. 
— (2) Under a reversal of the direction o of loading, 2 a slip occurred in the 
- connection, due to some factor which was not determined i in this investigation. 
ts might possibly have been the . slackness of fit of the rivets in the holes.) 
After this slip had occurred the joint continued to behave elastically under 
‘repeated loads in the same direction and within the | elastic range, until 
another reversal in the direction of loading, when a slip again occurred 
Beyond the elastic limit there was a large p in the magnitude 
™ the e slip on a reversal in the direction of loading and the connection 
(4) ~The effect of the additional row rivets to increase resis- 
of the co connections to angular deformation, “4 
(5) ‘The slope of the ‘loading curves for equal positive | and negative 


(6) ‘The slopes of the re- appeared to 0 decrease with 


Direct comparison of the data herein with | those presented by 
the author is difficult: for the. reason that the conditions under which the two 
ene. Ss tests were made were not identical. ea The use of a longer span decreased . . 
the effective on the connections as tested by the writer and, it 
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dence supporting that point of view to warrant of two sets. 
of data having different conditions of shear acting on the connections. — ee, 
' The writer’s tests, however, do serve to accentuate a point which the author has 
failed to emphasize particularly. Figs. 46(a) and 46(b) show clearly that 
- the the slope of the reloading curve is not a constant quantity, but is dependent 
on the degree to which the joint has previously been strained. author 
has chosen coefficient, 4, such that MZ= 6, in which @ is the angular 
‘rotation of the joint for a given ‘moment, M Sento the foregoing g equation, 


Z =—, in other words, Z is the of the slope of the re- loading 


curve. Froma an inspection of Figs. 46(a) 46(b) it is readily seen ‘that for a 
a given moment there can be several values of Z depending upon the — 
history of the connection. This, is not clearly” brought out by the author 
_ either i in his 8 curves or in Me test. For one who is familiar with the interpre- 
tation of experimental data and the general technique of ‘Te- loading curves, 
- the information is available with which | to make that deduction, but it is 
— doubtful whether the average reader i is familiar enough with laboratory tech- 
“nique: to be able to read that most important fact for himself from the data , 
as presented, and it is to be e regretted that the author did not bring the point 
out more explicitly. In view of the fact that Z isa variable coefficient that 
differs with the size and _ type of the joint and with the degree to which the 
joint has previously been ‘strained, it would seem that the use of a ‘numerical 
value. for Z in actual steel design must be based upon ' the completion of a 
“Tong series | of investigations undertaken to determine its exact 
The author has undoubtedly made a major contribution fo steel design i in 
- developing his theory of the elastic behavior of riveted connections, but the 
a ping y e 


Lone foresees a long period of necessary laboratory work : running into several 


years before this theory can be used in practical designing. At present, those 
connections which developed relatively small resistance to moment (namely, oe 
Series A, Specimens 1 to 7), are taken as being free end beams whereas those © 
| connections which developed large resistance to moment (Series: and 


Specimens ed 14) are | designed as completed fixed- end connections. . The 
. of the author's method of design, therefore, would not affect the design | of 
_ the clip-angle connections and would increase the amount of steel 
* CHARLES RaTHBun,” Am. Soo. C. E. (by letéer). “The discussions 


of this paper emphasize the fact that the problem presented was being erarsndll 
in at least three « other laboratories at the same time that the work was being © 
_ conducted by the writer, , indicating that ‘ the e subject of stress analysis i in 1 steel 
frames has reached a stage where e the properties — of the connections should 
be corisidered. It i is fortunate that the synopsis and reference of each of -— 
works of the other investigators have thus been published i in or order: that 
_ *® Associate Prof., Civ. Eng., Coll. of the City of New York, si Yor 
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who interested in this subject may Tread the originals» if they 
The v writer undertook the experiments described i in his paper because 
he was unable to find any data on the ‘subject. Certain phases of the e: experi-_ 
‘ante touched upon by the discussers (such as the reversal o of n moment, the 
distribution of deformation among. the parts of the connection, and the effect 
of shear) were omitted because they were not needed for the solution of the 
problem of which this investigation was a part. 
°r Professor Goodwin has taken advantage of his familiarity with the writer’s 
work ¢ and methods to clarify the paper in some respects, and his comments 
ate appreciated. . The question of signs is one that a arises quite of often i in in studies 


of this ‘nature, partly because textbooks are often « confusing 01 on the e subject. 
‘The system used by the writer for beams is to accept the conventional ‘sign 


for moment on a beam as 18 positive when the upper fibers are in compression. | " 

As E and I are always positive, the signs for shear, load, , slope, and deflection dt 

follow at ‘at once by direct integration or + differentiation « of of the mathematical ul 

‘expression for ‘moment.. ‘Some confusion has arisen because the foregoing 


‘statement leads to negative loads when their direction action is 
(downward) and to negative deflection when this deflection i is. downward. The 


desire to avoid” these situations is probably the reason for using: other 


loot 


sign systems in computations. The cor convention for the signs of ‘the 3 moment 
tending to rotate a joint is used as positive when counterclockwise for the 
ron that counterclockwise angles, , when small, have positive — tangents. 


nm 


— 


Thus, | stress. is proportional ‘to strain and the ‘signs are consistent in this 
relation. who wish to to consider ‘clockwise motion will find 
The beam and joint sign” ‘conventions cannot be consistent with each 
* r at all times. In the case of a beam a counterclockwise ‘moment is posi- 
tive at one end and negative at the other. The writer knows of no better 
method of minimizing this difficulty. than the introduction of two -self- -con- ti 
Pe. a jo ‘sistent sign systems. As I Professor Goodwin states if the reader is familiar al 
= with another sign system than. that used by the w writer the formulas are m 
si, ee developed in the paper and it is a very simple matter to go over them chang- a 
ing the signs to the more familiar system. writer feels that ‘Professor ur 


has done a service in clarifying this point. ou 
a ‘Mr. Rowan and Professor Baker inte that the writer should have men- .. 


tioned the work of Professor Batho” in his “Introduction”. This comission wi 

was ‘unintentional and was due to the fact that the paper was submitted | C0 

before Professor Batho’s report was available. The writer is in accord with 
_ ae Professor Baker that those who are working on any particular problem should | = 
le 


“a be in closer touch with each other. _ Discussion reveals that the British Steel 


Works: Association has been working on this subject for several years without -. 
knowledge of those committees of the American Institute of ‘Steel Con- ob 
and of this Society. as well as of Columbia University, w which were 
Ne me consulted | luring the investigation, or examined the writer’s paper before it § su 


 _ Second Rept. of the Steel Structures Research Comm. of the Dept. of Scientific a 
‘Industrial Research, pub. Majesty’s England, 1934 
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locally as they were so that who were interested view 


them and st suggest ideas. is unfortunate that difficulties prevent 
‘a closer co-operation the advancement of the field in 1 which several 
Professor Batho’s work is similar in many ways ‘that of the 
€ 


It contains 3 many thins not brought out in the paper or discussions. ‘The 


. duplication of the several tests is not an economic loss as a study of the addi- 3 


ia 
, tional number of tests lends weight to the value of the constants used in 
n. The remarks concerning the only possibility of connection failure being 
yn due to fatigue : are not correct. A fr frame that consists of columns 2 and beams — a 


al der horizontal loads” relies upon the connections for its strength unless 
they are ‘stronger: than the beam itself. It is true that failures | of ‘this type: 
ve doz not occur in buildings, | probably because horizontal loads are not applied to 


he ~ bui ldings with as much force as would be necessary to cause the trouble | sug- 
er 8 ested. The problem is of more than academic interest, however. One: method 

nt of dais: for horizontal loads is to use wind-brace connections of the type of 
he C, because such connections have a high resistance to moment. hire 
Me Rowan’ 8 suggestion that ‘column sections introduced between the 


« ‘connections w would produce results of a different character i is undoubtedly true. 
nd As there are so many combinations ns of column section and connections, the 
: tf writer. is of the opinion that the properties of columns as affecting the rigidity. 
ch § of joints can be made a separate study. The combination of connection and 


si- column can then be developed, as can the combination of | several connections. — 

fer The writer tested only one column, because his paper deals _ with connec- 
n- tions. As Professor ‘Grinter has indicated, some idea of the effect of columns» 
iar can be obtained from this test. The e field i is full of subjects for investigation — 


— but, to be of value, a paper must confine itself to the subject under discussion. 
The subject of shear, therefore, was omitted the paper, perhaps 
‘d unwisely. ‘The question of partitions and co concrete in buildings i is also entirely 
- One reason shear has not been discussed is that the data of the tests havea 
wide spread. To conduct a series of tests varying the shear would involve 
; considerable labor and might lead toa minor correction in the results which pe 
by their 1 nature are erratic. on one is interested, this is a ‘subject for separate 
investigation, but the writer feels th that he has his paper of sufficient 
‘Shear angles were omitted on the connections of Series in order to 
the effects of such omission. study of the shear curves, will give 
- designing engineers the data from which they can decide whether or not a a 
Mr. Rowan’ remarks about “complete a analysis” and “trial- and 
method” a1 are not consistent with ‘modern progress. fie: Twenty- five years ago ago 
‘some engineers might have agreed, if were strong the 
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ress bein g made in As to the “tyial-and- error” philosophy, 


the writer respectfully refers 1 Mz. ‘Rowan | to ‘the published opinions of Hardy 


Mr Scholtz is to be congratulated i in indicating | how the labor of allowing — 


: for ‘the connections can be reduced in an analysis. ‘The writer feels that the 
a improvements in this investigation that are to be made are in theory rather 


than in laboratory tests. Although more tests are always of value 3 the digest- : 
— ing of these tests and the incorporating of their results in engineering design» 


is another and more important matter. 


-. Professor Batho’s g graphical ‘method of : analyzing connections is is one that 
_ deserves a more complete treatment than the outline given in the discussion. 
should help ‘materially in popularizing the idea of including “connection 


= 7 Bk, Both Professors Baker and Grinter suggest t that some of ‘the terms in 
_ _ _ Equations (15) to (21) could be | omitted to ‘advantage. This is the intent of 


the writer. Having given the several terms that theoretically affect the 
results, Table is ‘constructed so as to include these terms in the computa-— 
tions. If one does not wish to use the the error can 
be approximated after a study of the table. 


The writer is inclined to agree with Professor Grinter that i in the senile 7 


~ 


ad 


ty 


-~—-—s @age the moment- rotation curves may be considered as straight | lines. In fact, 
reloading curves are not far from straight. The experimental data indi- 
Pa cate that after a connection has received | some stress the reloading curves 
4 "govern. This should. tend to the e computations. The slope of the 


on 


Si that ‘the writer neglected the nile ee" shear, for example, is mentioned by sev- 


eral of the discussers. To have made an investigation along these lines would 

have ‘multiplied the number of of tests, the number of specimens, the time, the 
= and the | expense ‘very much. The effect of shear, the writer feels, is 
small compared with: ‘the variation in the properties of connections 


the technique used by the ‘differed from that 
of the several discussers, he feels that it was as satisfactory as the others. — 
es It was adopted after considerable study of the idea of fastening the instru- 
ments beyond 1 the influence of the connection. No trouble was experienced 
with the dials. slipping o on the bands, due to ‘shear deformation. © The data 
were not recorded, nor the curves plotted to a of accuracy 


"accuracy were used because they were easy to read were available. 
The question of reversal of moments was considered while planning the 
of tests 1 made by the writer. ‘This aspect of the subject was not studied 


several One was that the had y assumed a an excessive 
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length; another: was that an investigation of the deflection of one a ti tall 
buildings i in the City of New York (which | deflected less than 6 in. in eighty, 
"stories during a 90-mile wind) led to the impression n that the wind would 
_ not reverse the dead moment on a building connection under any but the 
most exceptional circumstances. ‘The w: writer felt that he 1 may have been _ 
. error in neglecting this | phase of the problem and, therefore, a study of 


tr. reversals was undertaken’ at the College of the City of New York “as soon as. 


the eighteen tests made by the writer were completed. These tests were made o 

by Professor Peck who has presented his findings in a separate discussion 

The question of whether the top or bottom attachment is responsible 

for the largest percentage | of deformation was not studied and was not treated | ‘is 

the paper although the necessary data were taken during the tests. This: 
_ phase of the problem did not have a bearing on the work that the writer 
had in mind. "As illustrated | in the curves, the right half and the left half 
“of the specimen each constituted a separate test of a connection. . These tests ‘ 
were both plotted and published. This was also done i in the case of reversed - 


S loading, but in the latter | case, “only the ; average curve is ; published, for the 

Eos - Professor Mirabelli demonstrates, by means of curves, the effect of the 
change in the properties of the connections as load is increased, with 

the conclusion that the effect i is less ; as the load increases, This j is a material 7 
contribution to the pa paper. . His statement that the writer’s ‘percentages are > 
* _ based on rigid columns is true; the necessary changes can be made v when 


the design is known. % This makes the data different from those of the > prob- 
lem investigated by the writer, with the result that different answers will be 


_ The The ‘third point indicates t that the transfer of the moment from ‘the, beam _= 


to the column will increase the size of the | column. ‘The fact is that the 
moment is in the column whether it is computed or not. follows, there- 

- fore, that it is in the i interest of economy and | safety to evaluate this moment 7 

as nearly. as s possible wv when designing columns. This’ is an argument against vt 2 
_ the present practice of designing beams v with connections considered as having _ , 

a rigidity of either ‘infinity or zero. 

is true, as stated, that the ‘more is the more 


i= introduces the | degree | of fixity, or the ratio of the bending 1g moment devel- * 


— oped i in the spliced beam, over the support, . to that obtained ix in a continuous _ 


beam. To obtain this ratio he observed the stresses at about ‘eight “sections 
the: and computed back to the moment at the connection. 
avoided the errors that might have arisen from measuring directly at the 


onnection i 
a ing from this method of of attack were not given so that ; they might be be compare 


with those i in the ] paper, , the best i in being retained. * 
a) 
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The tests made by Professor Peck were ‘Gaited: to obtain curves that can 


“be: compared directly with those of the paper, furnishing information on the 
a - effect of reversal of moment on the connections. The only difference between — 


Bo em the tests of Specimens Nos. 13 and 1 14 and | those offered | by Professor Peck 

is the ratio between shear and moment. The 3 reason for the change in 


the ‘specimens from tt those previously used was that the > early tests indicated 


ss Serious deformation in shear before the moment curves: shad been developed 


‘much as was desired. Although the shear ma may have s some effect on the 


action of connection, the writer believes that this question can be 
ie “approached from a theoretical angle as was done | by Professor Batho, but an 


experimental approach would | be very expensive and d difficult, 
2: The decrease in the slope of the loading curve, when the connection. 


> 


"receives high “stresses, 3 is of interest. This is only ‘one of the properties of 
connections that must be considered when designing a "structure The his- 

c a of the connections is of necessity a part of the problem of stress analysis. 

‘This history is not difficult to anticipate when the with its 


an 
Toads is 


as. ot of the type discussed in the paper are, by their nature, expensive 
therefore, the number cannot be great for financial ‘reasons, although 
tests are always of value. The writer does” not agree with Professor Peck 
LA that a long series of laboratory are necessary before the theory 
ee ean be used in practical design. The | question is ; entirely an an 1 economic one. 
the connections can be anticipated “over ‘the range covered | by these tests and 
«At is hoped that the properties of riveted connections will r further 


Sufficient tests have been a general idea of the constants of 
Be study from the profession because, undoubtedly, they affect the distribution 


of ‘Stress. Tt is the writer's opinion that the greatest progress | can be made 


devised, it will be accepted by designers. This: does not mean that further 


laboratory tests. _ When a method of analysis that i is simple and easily anplied 7 
A). tests are not of great dunia but rather th that the value of further research in 


Ne In closing, the weiter: wishes to » thank those who have contributed from 
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STABILIZING ONSTRUCTED MASONRY ‘DAMS 


Ge Ww. Cots.” M. Am. Soc. C. E (by letter).’ “~—In the several discussions 
of this ‘paper there has appeared the recognition that. the very special “condi- 
tions and remedies exhibited in the case of the Indian dams have a rather 
general application to the entire. field of “pressure grouting” yet the discus 


sions, in the main, , relate to fo experiences ir in n sealing by ‘cementation the founda- —_: e 


way 


The e experience most nearly like those treated of in the paper appears 


in the discussion by Mr. Reed, wherein he describes the attempt to stabil 


“fits were accomplished the process, the results were not entirely 
satisfactory and the final remedy was found i in the construction of an auxiliary on 
curtain dam strutted against the ws water face of the leaky dam. This “must 
have involved unwatering the reservoir, or the construction of expensive 


coffer- dams, either of which expedients was to be avoided if at all possible 


The ‘Mr. Fergusson is particularly apposite to the local 
q problem of masonry construction with surkhi mortar. Doubtless, Mr. Fer- 
gusson has become aware of the growing use of Portland cement it in ‘substitu- Phe: 

_ tion for hydraulic | lime i in his territory. It has recently come to the writer’s = 
a attention that the cement manufacturing industry of India is expanding, 
with: much activity in the promotion of s sales. In 1931 the writer visited 

the just completed largest masonry: dam in "Hyderabad, Deccan, which 
constructed of ashler- -faced 1 rubble in surkhi “mortar, and was there 

informed Chief Engineer ‘that he proposed no more ‘important dams 

of ‘that character, but intended to use Portland cement in ‘the next one. _ In 
 Nore.—The paper by D. Cole, M. Am. Soc. C. E., was cublislea in February, 1935, in 


Proceedings. Discussion on the paper has appeared in Proceedings, as follows: August, 
by Messrs, Oren Reed, F. F. and September, 1935, by 
Soe. Ww. Comstock, M. Am. Bos. linear, Assoc. M. Am. 
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jens connection it may be suggested to Mr. _ Fergusson that useful | possibilitie es 
ee may lie in the conversion of his kankar, or other local limestone, into natural — 
au _ cement r rather than quick-] lime, and then blending this cheaper form of cement . 
with standard Portland cement for an economic mortar in dam construction. 
A lean mixture of this should prove better and but little more expensive than 


Mr. Wright emphasizes: the fundamental requirements for a safe and 


able dam, a thesis which is affirmed by the experience described i in the paper 

and which every ‘generation of dam builders should take to heart. 
re The suggestion is pertinent that the “Christians” asphalt process might" > 

have been useful in -staunching ‘some of the “worst runaway | leaks to the lake ? 


asa ‘preliminary to cementation. In retrospect, however, » it would appear 


that the provision of a all necessary equipment for this | process in the distant 
and isolated locality would not have been justified for the limited requirement. 

— No dimension drawings are available, but the scale diagram i in Fig. 3 1 gives 

all cross-sectional dimensions of Shirawta Dam as built. From this Mr. 

Wright will be ‘to analyze the stresses, using the tabulated weight of 

146 Ib per cu ft for masonry a and such data for uplift, sliding factor, a nd 


cantilever he will derive from the text of the paper. 


"paper is most Comstock’s pom observation 
“A dam is made safe, or otherwise, on the job—not in the office”, touches - 


4a 


‘Te chord i in the writer’ constitution. 


In the discussion by Mr. ‘Minear it is gratifying read that the Boulder 


4 


is s remarkably it in accord with the in the 
- dissimilarity of conditions and objectives. The check of one “system against 


Or 


‘SS other with harmonious results is indeed striking, tending to prove, for 


example, that both programs followed sound procedure in the situations 


$ Mr. Hays raises 7 number of interesting points which it might be profit- 
to discuss if space permitted. Suffice it to say that the writer is in 


"agreement as to the general superiority of p pumps over the air gun for con- 


trolled grout delivery. Answering direct questions by Mr. Hays: The pistons 
of the air- -driven pumps in the beginning 1 were of cold- rolled shafting, 2 in. 
: and 8 in. in diameter, with gland packing of a good grade of square braided 
hemp. Excessive wear of the piston (plunger) and tl the packing led to the 
substitution of nickel steel plungers, polished and packed i in the same manner. 
fle plunges were quite satisfactory and gave many weeks of wear, although — 


much | packing was consumed. Cylinder lining | was unimportant since all 
a wear was on the plungers | with full bore packing. The distinctive feature + 

the pumps was the valve. assembly consisting of ring- -seated steel 


described under “Plan of Operation” in ‘the paper. 


ae re-sifting of cement is an important consideration for work in taht 


ground, and in | dams where limitation to low pressure is s demanded. If again 
confronted with similar conditions the writer would plan put the com- 
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mercial cement through a 2 200- -mesh, rotating or r vibrating sieve which could 
easily be rigged in the cement shed. This fine cement would be used in borings © 
testing less than 10 gpm water loss. By this means the input of cement would — 
be practically. of colloidal texture and would probably accomplish about all” 


that would result from application | of the “chemical treatment”. “Eres 


_ The writer agrees that sand should be used sparingly, with < caution and 
_* in large cavities, or in ‘runaway leaks which must be staunched a as a 


to effective pressure grouting with thin mixtures. Sawdust, rice 


writer agrees: with Messrs. Hays: ‘and Minear that ‘the best 


e pressure on the hole from start to finish, 

with ‘the cement mixtures adjusted to give a maximum total input of an 
_ before the hole chokes. 7 It is not always feasible, however, and this is a 


As to the connection of holes for it 
been the writer’s practice to require or permit this when pump delivery is 


of holding the specified pressure 0 on individual 


ve 


and with pertinent discussions in the paper | by Harold A. Rands, M. i. ae =) 


4 
, entitled: -“Grouted Cut-Off for Estacada Dam”. classic in tunnel 
"grouting is the paper by James F. Sanborn and M. _ E. Zipser, Associate Mem- 


iid 
bers, Am. Soc. C. E., ‘entitled “Grouting Operations, Catskill Water Supply”. ae 


of the would do well to include these papers in 
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‘By K. H. Loaan, 
KE Logan, Eso. (by letter) one who has’ in close touch 
with the soil- -corrosion investigation | ‘since its beginning in 1922, Mr. Wolfe 
is qu quite ‘right in cautioning against the @ unrestricted use of the data for the 
_ comparison of materials or the prediction of pipe life. c In many of the ‘soils 
under consideration the corrosion is not sufficiently serious to permit. a reli- 
4 . estimate of pipe life. Ina a few soils, however, all or r nearly - all the thinner 
tgp specimens have been punctured, - It is expected that the data on the, 


old which will be available in of 1936, will show 


a rather large specimens and, a very 


‘siderable | expense and labor. The outlook for the extension of 


me to 


U; in which P is the q 

_ deepest pit at any time, T'; B. is a a constant which is » the same for all soils; 
4 and U is another mnie different for « each soi soil and eas to the ultimate a 
. Additional data ‘recently obtained some such an 

as s that of Dr. Scott or Professor. Fetherstonhaugh will represent 


 Note.—The paper by K. H. Logan, Esq., was presented at the meeting of the Sani- 
tary HEngineering Division, New York, N. ie on January 18, 1934, and published in 
ie March, 1935, ‘Proceedings. ‘Discussion on this paper — ‘has appeared in Proceedings, as 
one follows : April, 1935, by Messrs. Thomas F. Wolfe, and John R. Baylis; and August, 1935, 
Fetherstonhaugh, John F. Skinner, and F. N. Speller. 


are. Preliminary Study of the Rate of Corrosion of aia Pipe | - Soils”, by ; N. 


i Scott, Proceedings, Am. Petroleum Inst., Vol. 14, Section 4, p. 212 : ny 
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the progress of corrosion in well- soils, but that in poorly ‘drained 

soils the is nearly to the dura ti on 2 of 


which the writer ‘obtained ained City Engineer's Office ‘that, 
although the two older conduits lie quite near each other, the older line lies — 
at a slightly higher elevation and, ‘consequently, is somewhat better drained. | er 
It is possible also that the protective coating applied to the older line was 
‘superior either as to ‘material or application. ‘This is suggested by the fact 
that at least some of the failures of the older line occurred at points where ce of 
the coating had been injured. is probable that the ‘troubles on the newer 
line have been accentuated ‘its rather frequent exposure for 
. perc investigation of the causes of the differences between the p perform- 
the two conduits: be to who have to 


od 


; 


+ 


a 
» 
— 
; _ The interesting experience of the City of Rochester cited by Mr. Skinner gi a 
deserves further investigation. Although the superior service rendered by 
Co v be e to the suneriori of the used. two ot] 
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FLOODS STAGE RECORDS ¢ OF THE RIVER 


JESSE W. ‘Suumay,* M. Am. Soc. E. (by letter).“*—The labor and 


_ patience involved in preparing a paper of this kind, are generally appreciated 
only by those who have made similar attempts, ‘and the e author r des serves: the 
thanks of the entire profession for his industry. As stated in the ‘paper, 
the discharge records of rivers in the United States and i in n most ¢ other places 
extend back relatively only a few years. ars, Although the ‘Mississippi River, | in) 
- length, is on a par with the Nile, the continuous discharge records run back 
only r to about 1885; the records for the Tennessee River extend back about fif- 
teen years more; 5 $0 that if one wishes to study the behavior of a river, » 
_ ‘mean, minimum, , and flood flows, the 2 available data upon which | to base ‘per- 
formance are really quite meager. _ In some cases the > analyst finds that rain- 
records over the drainage a river run back considerably farther 
the discharge records and through correlation between rainfall and 
run un-off, he can “piece out” flows somewhat, and ‘thus lengthen the record 
for statistical Although one might not believe in the theory of 
>. _ probability as applied to the study of river discharge, the longer the period — 
embraced by the observations, to truth the: results” derived 
aa The Nile, alone, stands. out as one river in the world on which flow data 
ce s been recorded for centuries. The author cites the various sources from 
which he has gathered the data depicted | graphically in his paper. Doubt- _ 
a lessly, there are errors in the data—departures from the absolutely | true data; > : 


but considering the nature of recording and bringing together the: these data in ; 


the first place, attended by the plus and x negative errors of personal -_observa- 
a it | is quite likely that these, as well as the errors arising from copying — 


and translation, would tend to neutralize one another, and thus” leave an : 
ray of data that was fairly homogeneous, and suitable for any type of 


oa ae yh Nore.—The paper by C. S. Jarvis, M. Am. Soc. C. E., was published in August, 1935. 
ese. _ Proceedings. Discussion on this paper has appeared in Proceedings, as follows: : Novem- 


er, 1935, by Halbert P. Gillette, M. Am. Soc. C. E.: and December. 1935. by Messrs. R. W. 
Davenport, H. E. Hurst, ‘Thomas H. W. and J. C. 

i Received by the Secretary November 8, 1935. 
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> ‘The Nile records, extend from the back to about 


with occasional wide and that from about 1600, the were 


higher, culminating i in high values about 1860 to 1880. The chart of minimum © 
stages shows more fluctuation and depicts the secular rise in the river bed 
7 Using the magnifying glass, then, and a suitable scale ( (in this case, 40), 
one can determine the ordinate values ¢ of the charted data, and the information | 
a is ready for statistical treatment. The question arises, as te to > rm can an be 


_ There are many adherents of the practice of treating river- flow data as 


ie numbers, and the problem - is left to them for their exposition. The 
writer is convinced that there is some law and order - in river discharge (that 


followed by the type of river flow that results from such 
Bad Consider the Nile River. | It has a drainage area of about 1107 227 sq " 
miles. - Although « a record of meg stages of the river is given « over a long period, & 
_ there: is “uncertainty, nevertheless, as to when any departures, increases, or 
- decreases, may be expected or how long an n apparent trend of values will con-— 
tinue. _A search is | made, therefore, for all available data that might possibly | — 
: bear ¢ on the subject. Not much i is really known about the Nile and its behavior, ; a 
except that its source is now considered to be » the Victoria Nyanza, with con- Bi 
tributions from the Albert and Albert Edward Nyanzas, and the surrounding 


swamp p countries ¢ ag to the equator ; that a as it proceeds northward, it receives 


into the main rise to floods that have liom, recorded. 
© The base, or steady flow, is is provided by the White > Nile, and th the floods by the 
Nile. Rainfall records are either lacking « entirely c or are. ‘scant, being 
— for only a few years; so th: that little can be done by correlation with it as a 
factor. River Atbara, rising in Northern Abyssinia, discharges into the 
7 7? about 200 miles north of, and into the Blue Nile at, Khartoum. = 2. 
ee... analysis of a river’s behavior involves one of three methods : @) Treat- 
ing discharge data as purely fortuitous; (2) “using harmonic analysis; or 
(3) 3 using 1 what is finally becoming known as s cycle analysis. The Sindvantages 
of the first method are that conclusions | are drawn from data embraced only 
in the available record, for possible performance beyond that period ; and that a - 
several eminent mathematicians have proved the data are not 
numbers. The disadvantage | of the ‘second method is that, although | one can 


break up into component elements a given curve of river flow, by means of oe” 


| 


| 
from 1700 to date, for the maximum stage of the river. 
Except for a casual glancing over of the graphs of dots and 
= marks, and drawing from them only general conclusions, no type | 
can be applied to the data of the paper unless the values nal picked o ‘ with — 
magnifying glass, which again introduces another error. The general Snead 
_elusions that can be drawn are that the maximum annual stages were confined 
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— duce, the ‘actual observed data at a later date. The disadvantages: of thet third 
| A “or cycle analysis are, that it is : as yet not completely developed, there being 
much to learn; that no | treatise is yet available that covers the subject; and 
that, to these causes, members of the profession have not become 
ss acquainted with it. It has some advantages over the other types of analyses, q 
however, as ¢ the writer hopes to demonstrate i in what follows, 
4 The principles” of ‘eycle analysis will be developed as the writer r proceeds 
- the treatment of the Nile data, but it is deemed necessary first to give 
some background to show that it is not extravagant : nor lacking i in consistency. 
Briefly, cycle analysis consists of breaking up data ‘into component ele- 
od ‘aan by suitable » reducing : means, quite differently than in harmonic analysis, 
and deriving certain pattern curves or cycles, which are similar to curves” 
derived from sunspot data, giving ‘thereby something which terrestrial 
/. ae can be t tied, and t thus an inkling of what i t is to come and of what 
In order” to make any progress, a ‘research is obliged to set up 
certain postulates, for without imagination, he would merely an 
: observer | of phenomena 2 and a gatherer | of observational data. — Therefore, he 
accepts the best _that is offered at the moment, Clayton", Abbott®, 


others: may be all in their contention that the trigger action of ‘the 


Clayton’ s work. as 8 head of the Weather Forecasting Department of the event 


- tine Republic, ‘some years ago (where he successfully forecasted rainfall and 
temperature a a week in advance) may not have been what it was purported | 
to be, and the weather may be purely fortuitous ‘or governed entirely 
_ terrestrial | causes ; but + even granting these points, it seems to the writer that 


there should be no objection to utilizing the fact that a certain eyele can be 


processes in river run-off, ‘temperature, lake levels, ete., is identical 

Le in its general pattern, although varying in “phase from place to place. This % 

fact of phase variation, it seems to- wr riter disposes of much of the previ- 


is found that the ‘pattern of weather, a as defined by the Bruckner cycle, 
Bes is general, but with modifications as to a and fortuitous occurrence 


of f yearly values, everywhere’ about: the globe, “that ‘the Phase varies, 


= detects ble i in the flow of the River Nile, is snails opposite in its yas 
wn, to the Bruckner cycle i in the Mississippi River. 


‘The question is frequently asked: “How can the changes in weather, which é 


ough an 


' i: 5 EiBerenit at various places, be brought about by any slight variation in the 


“World Weather”, The Macmillan Co., N. 1923. 


Smithsonian Miscellaneous Collections, Vol. 85, No. and Vol. 87, No. 18. 
®“Klimaschwankungen 1700”, Vigna, 1890 ; Monthly Weather Review, 
D. C., July, 1926, and March 1928. ate 
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solar « constant, at, when | the sur sun is x more than 9 90 000 0000 miles distant ro There r 


are certain groups who maintain that it is not necessary to depart from this 


‘however, this group has failed to. bring forward a any workable for 
long-range forecasting, and it is certainly this very thing that the engineer it, 

is | attempting when he analyzes the flow o of a river which has records for only, 

say, fifty years; and yet | he is trying tod dello its performance over a longer 


Pe riod of time in 1 the future. Consequently, whether or ‘not ‘it is Yeseenineds 


‘ideal’ is to ascertain and use, as 1s key factors i in 1 design, ‘not Tes: the values 
in the ‘past and present, but also what will be probable for some time to 


come in the future. 4 — 
Studying the | data of the Nile River as presented in this paper, with a 
view to utilizing them for cycle analysis, after several preliminary trials, it — 
was decided to use the Lyons data™ as | charted from 1738 to 1872, and the ~ 
Roda ga gauge data from 1873 to , for the maximum annual stages, a8 well 
as the r records taken from Fig. 3 , giving the annual or seasonal volume of 
TABLE 6.—Maximum Annuat Sraces ar Ropa Gavce 


Date 


Scale 


| 


af 


| 


2. 


performing th the “computations to secure the cycles, the data are 
arranged, manipulated as outlined, in. Table 6. Values of the data 
are included only for 10 yr, in order to illustrate the method. 4 Use ‘paper * 

‘ruled with vertical and horizontal lines, and enter in Column (1) the dates a 
for the complete - record to be analyzed. In Column (2) are the data from 

the chart after deducting 18. 00 (so as to yield as small a number as possible 
with ¥ which to work) ; call these data 0. | Now, add ‘the first two values in 
Column (2), entering the sum in Column (3) opposite the second _ value as 
shown. This Column (3) is headed “Residual No. ow or Ry Now, repeat 
this operation, adding the two consecutive values of Ri, and writing 1 the sum > 

in Column (4), opposite the second value as before, these e values being 
called R.. . Ree can be derived by repeating the addition twice, and then divid- : 
ing by 16, but after considerable work in this kind of mei var s 
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from the value in (2), enter ew results, plus or 
‘in Column (9), the values of which are called “Stratum No. 1”, or Sx 

the values of are secured for the length of they are 

plotted as shown, for a representative part of the record, in Figs. 10 and 11. 


AS original data | began at 1738, the earliest. value the “residual 


b yields i is for 1740. il Some care must be exercised in adopting proper vertical 
horizontal ‘scales, in order that the oscillating values of will show” 


asa also that the median line, M,, drawn through the various loops 


of S,, will be of s ‘sufficient scale that its ordinate can be 
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STAGE RECORDS OF THE RIVER Discussions 
minimum values w which will alternate through the record. “Next, the median 
line, is drawn through the e curve, following as closely, as ‘Possible, the 
“ups and downs” of Ry The o ordinate values of M , a8 now derived, are picked 
from the drawing, and entered as plus or negative values in Column (10), 
Table 6. Now, if Ms, i is subtracted from S;, the smallest cycle i is secured, called” : 
Clough cycle”, If M, is added to Ry and the values are entered ‘in 
Column (11), Table 6, the result is the Double Wolf, or Hellmann, cycle. oi 
pape Before proceeding further it ‘might be wise to offer a series of definitions, 
to state this type of analysis. ote — 


Clough ‘Cycle. —This is of. 2 ‘to 3. -yr 
4 28 months. I t is very prevalent and persistent in all meteorological 


a, and was discovered by Clough, Clayton, and Abbot at 


Wolf, or Wolfer Numbers. —These are provisional sunspot numbers; 
Wolf number is an empirical index number, derived from the number and area 
sunspots. The numbers are usually published afte after observational data 


Double Wolf, or Hellmann, Cycle.—A « cycle that crests about every 5.5 


generally just before, at, or after, sunspot maximum m and ‘minimum. Bh - 
variable and does “not always appear consistently, althoug gh in some locations 


‘it is very clear, consistent, and definite. 2 Hellmann was one of the first to 


point out the maximum rainfall that occurred twice in a Solar cycle. Horton 
also referred to it later. Some writers -_ it the — ‘Wolf, and some the 


Solar Cycle. —This is of the "sunspot periodicity. 
= From maxim um to maximum sunspots, the period averages: a little greater 
than 11 yr. This is commonly « ealled the 11-yr cycle. It is detectable. in a 

great many terrestrial phenomena and is especially prominent in lake 


Bruckner Cycle is a of twice the periodicity of two consecu- 


value of was ‘set at + 85 yr, “due to as by Streiff™ 
2. , that his cycle was a composite of ‘the secular and | the eycle of two 


Wolf Secular Oyele. —A eycle of twice the periodicity of the 


cycle. First mentioned by Streiff i in ‘personal correspondence with» 


Secular Oycle. —The_ long swing in Wolf numbers is of varying zth: 
The last high point ‘was s about 1856, the three previous highs were at 1798, q 
1704, and 1646. It i is a cycle that is apparent in Wolf numbers, in tree- ‘ring 


growth, varves, sainfall, temperatere, lake levels, ete. Sometimes it is of such 
small amplitude as to be unrecognizable, in certain 


8 “Notes on Lake by Jesse W. Shuman, Monthly Weather Review, March, 1931. 
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“use in a analyzing | the immediate past and future. a Finally, looking ‘huis over 


: below the Double Wolf eycle, which, in turn, oscillates about the Solar cycle. i 
‘This, in turn, oscillates about the Bruckner cycle, which, in turn, | oscillates _ 


Gens ‘The break i in the 1800 to 1825 is shown on 


Now, after the R, +> M, cycle is drawn, a as in Figs. 10 and 11, it is some- 
times 1 necessary to reduce it further by two to four additional - operations, — 
before drawing i in 2 the median line, Curve 4, which is the Bruckner cycle. In 
= this case, however, the further reduction seems to leave the relative vertical _ 
positions of the loops with respect to each other, unchanged. Therefore, the 
| median line (Curce 4, Figs. 10 and 11) is drawn through the plotted data of 
Rk ha M,. The median line, ¢ Curve 5 (the Secular cycle) is now dotted through — 
the loops | of the Bruckner cycle, the high p point being at about 1860 and ‘the 
low ‘point, in Fig. 6, at about 1915 to 1920. 
hoe At the top of Figs. 10 and 11, under the scale of years, are placed arrows — 
marked X or pointing upward or ‘downward, to identify the times: of 
spot maximum and minimum. The analysis is now complete and the analyst 
free to examine what has him developed. must be kept in mind that 
= plotted point of Re + Ms, 1 (Curve 3), is a residual derived from five 
numbers, and that the actual yearly» value may be more, less, or the 
same. In general, a peak of the Double Wolf cycle indicates that the average — 
value. of the five years’ data—two years before and two years afterward—com- 
bined by residuation with the data for 1 the plotted year, oe a ead 


and the troughs indicate the reverse. 


Examining the Double Wolf cycle (Curve 3), it is noted a 
of peaks a1 and troughs, oscillate about the heavily drawn Bruckner cycle. At 
Z some places on the record they occur quite consistently with “respect: to sun- 


oo maxima and ‘minima, , but by no means sufficiently | 80 that one could — 
rely upon the. recurrence. The peak at 1861. occurs one “year after sunspot 
‘maxima ; at 1870, ‘it occurs Te on that date, as well at at 1883; but it is 
so that i in the case of the Nile River, the Double 


Wolf cycle can be used of forecasting only i in a general sense. 
It is to be noticed, however, despite the secular rise in the river’s b 's bed, as a i 


“dle by the records of the minimum s stages in Fig. 1 of the paper, that id 

the period centering around 1870 represented a high point, or increased flood 4 

j 

_ conditions, and that the period about 1905 represented a decreased condition “4 


of flow . The ‘Bruckner -eycle derived in the flow records of the River Nile, 
are just about, ‘if not ‘exactly, in phase with the ] Bruckner cycle in sunspot 
numbers: the 1 shows that the behavior of the Nile River is 


. 
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SHUMAN ON FLOOD-STAGE RECORDS | OF THE RIVER 


strongly influenced by the Bruckner The data ended at 1921, and 


plotted date of Ry + 1919. can any of 


have to be: negative, if these data w were all that w were available. ‘Fortunately, 
however, there are many other data on which to perform similar analyses, 
and results that ce can be compared with those of the Nile River. After a turn- ; 


has been’ developed i in a it can be extended with considerable 
a 


the phase of which may upon which -eycle ‘may 


_ The writer has taken data of tree-ring growth from Douglass", for a cer- 
tain tabulation named “Flagstaff High (F.L.H. ) 10 trees”, and by u using 
the same type of analysis, to derive the Double Wolf cycle, and, subsequently, 7 
drawing a median line through the various loops, the Secular eycle shown 


in 12 w secured, ed. It will be 1 noted that the wet 


periods were at 1646, 1704 4 tise, and 1856; that the dry periods were at 1670, : 


1766, and 1822, and that the last centered around the date 1918. 
| “The tr tree-ring data did not extend far enough to get this last « date, and until 
he about 1 1932, the writer thought that this last date should be about 1905 to 1910; 
a ae but examination of data from varied and widely placed sources, has led idl 
; to believe that the date must be about 1918. Then, too, , another confirmation 
figs only recently been given this date. study® of Halbert P. Gillette, M. 
Soe. O. on n exces, chiefly the 70 70 and 15: 152-yr cycles, ‘was pre- 


bia 


Fic. 18.—BRUCKNER AND SECULAR CYCLES IN 


sented. at Los Calif., in J ane, 1935. The analysis a as used herein j 
will not develop this 152-yr cycle, but in examining Fig. 12, giving the Secular 


“Chimatic Cycles and Tree-Growth”, by A. EB. Douglass, Vol. II, The Carnegie Insti- 


“The Cycles That Cause the Present Drought”, by Halbert P. Gillette, presented 
ore the Annual Meeting of the ‘Am. Meteorological Soc., Los Angeles, Calif., June 26, 1935. | 
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we in tree rings, it will be watieid that Soon 1646 - to 1798 (two Secular | ain 
is a | lapse of of 152 yr; from 1704 to. 1856 (again two cycles) is 152 yr; further- 
more, from 1670 to 1822 is 152 yr. This remarkable consistency, if genuine, 
wo set the last low of the Secular cycle at 1766 plus 152 yr = 1918, and the 
_ next high at 1798 plus 152 r=) 1950. Every record of meteorological data 
prema recently by ‘the writer come to confirm this last low date a as about 
“18. — This low is the turning point of the Secular cycle, which is threaded _ 
“ through the Bruckner cycles, so | that there will be a low of the Bruckner cycle 
before, and after, the low of the Secular eycle 


a “" Now, having some conception of what the Secular cycle is like, an 

- - relative magnitude of its prev ious highs and lows, the student is in a position 
ng to draw some conclusions about the behavior of the | Nile ‘River, and to make 
ly, some extensions beyond the | times of the » recorded data. 2 Fig. 13 is a ‘diagram, 


the Bruckner cycle of the Nile River from 1740 to 1960. ‘The actual 


vet - data analyzed r ran from 1738 8 to 1921, with a break from 1800 mi 1825. The 
diagram shows the highest period at 1870, the low “period that must have 
occurred. about» 1800 (before and afterward), and the low period 


na ~ around the low turning point of 1918, that is, the low of the Bruckner cycle 
— | ; 1905 and again the probable low of the Bruckner cycle at 1930. The next | 
: probable high period of maximum stages will center around 1940 to 1942 and 

conditions may equal those of the 1892-94 “period; or, if the behavior is 
- erratic, even those of the 1870 period. _ These ideas are indicated by the 
70, trends of the Bruckner eycle oscillating on the Secular cycle. oe: : 
- Be On Fig. 11, at the bottom , with the same time scale, is shown a graph of 
til : the Double Wolf cycle and the Bruckner cycle, in the Mississippi River data, 


taken at Arkansas City, Ark., for annual maximum um gauges. The data on this 

river run back to only about 1885. Note that the Bruckner eyele i in this | case, . 

is just opposite in to ‘the in the River. 


Nor ner Cycle 


NNUAL GAUGES, NILE 
Mississippi River was in 1927, a period that must have had relatively ‘eiteate.. ~ 
stages on the Nile River. In other words, the Bruckner cycle in the Mile 
River, is ahead of (leading) the Bruckner cycle in the Mississippi River by te a 


-one- half ‘the ‘Bruckner eyel 


e perio 


d—about 11 to 13 yr. : The performance of => a 
an be forecast fr from t the behavior of the ‘Nile. fx ee 
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inithentas hat the high anes of the Nile in 1917 would be followed on the 
Mississippi River about 11 to 13 yr later, with real flood stages. The great 


- flood of f 1927 on the Mississippi River, came just ten years later. The low 
-eondition of the Nile in 1927 ‘would lead one to expect downward trend 


of the bags wig River flood conditions ns until about 1940 (bearing i in mind, 
however, that frequently a real flood occurs close to the low ‘point of the 


Next General High 
Period of Flow 


a 


Brick 


of Cubic Meters ‘4 


wo 
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Fie. 14.—ComPaRIson BETWEEN THE NILE RIVER AND THE 


Annual Rainfall Departures in Mean Annual! Levels in Inches 


a ‘Fig. 14 has been prepared | to show a comparison - between the Nile River 
a 


nd the Mississippi River, using : for the ‘Nile, the data from Fig. 8, of seasonal 

| discharge” at Aswan, and for the ‘Mississippi River, the mean annual flow at 
Arkansas City. int the Ni Nile , graphs (Fig. 12) the Bruckner cycle lags” about 
one e year with the same cycle i in sunspot numbers, or i is nearly if not in phase 
the writer placed small circles at each turning point of the 
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_ circles are placed — to give accent to the change of the trend in that 
Althou gh the cycle has not been drawn in, an inspection readily 
96 ‘indicates s that it is present in the data. For the Nile River, the Clough eycle 
iss shown, secured by subtracting M, from | (not shown herein). The algebraic 
sum of and the Clough cycle equals 1 the yearly discharge value. 
* The same cycles for the Mississippi River : are re shown in Fig. 14(b) as well 
as the annual values connected by a lightly drawn line. In - this case, as in 
j the case of Fig. 11, the same opposition in phase of the Bruckner cycles is 
in evidence. : ‘The Bruckner cycle is trending downward to a low point about 
1940, al , although a peak i in value of R. + Uy 4 may be expected before that time, — 
of a magnitude considerably le less than that in 1997. one 
a. Graphs* illustrating the varying level of Victoria Nyanza, the source of | 
ee White Nile, and the variation in the rainfall of that region are shown in 
Fig. 15. The ‘sunspot maxima and minima are marked on time 
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LAKE VICTORIA LEVELS —______ Data From Monthly Weather 


ANNUAL RAINFALL, As 


"AND ARIATION RAINFALL IN THAT REGION. 


and the e dotted line drawn frechand through the lake levels is ee Solar cycle, 7 = 
which is beautifully clear. Note that the lake levels are at peak always at aon 


— 


Z The outflow of this lake forms the base flow of the Nile, but there appears Be Ss 
be but little correlation, as would | be expected, | between the graphs of 
“river and the lake. however, comprehensive rainfall ‘records were avail-— 
able, distributed over the: ‘drainage area of the ‘Nile River, their 


treatment taken in conjunction with that of. ‘the river, would yield immensely me 


Original data pub. _ by Mr. C. B. P. Brooks, and later reviewed by Alfred ‘Henry 


Monthly Weather U. 8. Weather Bureau, D. c., March, 1924. 
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important information. This importance would | be further enhanced if, in 

met addition, records for temperature were included, and similarly treated, because 
: =e isa primary f factor, whereas rainfall is secondary. | For this | lake | 
A Brooks found” that the correlation coefficient between the lake levels and 


_— was + 0. 92, and between lake levels and sunspots, + 0. 0.80. ae 


_ The a annual flood stages of the Nile River are of great importance to 
: ia and in _ bringing together the data described in his ] paper, the author 
_ has placed at the disposal of the profession valuable _ information, gleaned at 


great pains, which should ultimately lead to new interpretations. If 
flow records were available for a period of years, this type pe of analysis 
» would enable one to forecast the probable mean flow for the ensuing fatere 


with considerable ¢ accuracy. In this discussion the author’s records have 


been treated only back to 1738, and it is believed that sufficient knowledge can 


be deduced from this range of values because, although the regimen of the | 
~ River 1 Nile may be a affected by the various apereniny as pointed out by the e author, 
the writer wishes to suggest that any such change > in behavior would be 
gradual; so that - in n comparing values of to- to-day with those of 4000 yr ago, 
when the average annual flood stages were about 23 ft higher than at. present, 


the differences encountered would be of historical interest only. One would 
~ not need to consider the old records in ‘designing a dam or other controlling 


which will endure probably not more than 150 to 2 200 yr. 
Vege Cycle analysis presents a conception of the variation in weather as regis 


tered by - the river’s flow, and ‘suggests that extreme values, high « or low, are 
ack suddenly brought about, but are approached i in an oscillating, pyramiding 
manner, culminating at the extreme value. 
. It is not yet 450 yr since Columbus discovered America, so that n no ps 
ture in ‘this country is that old. Prime movers are likely to become obsolescent 
bio in about 25 ‘to 30 yr, , and the life of a concrete dam is 50 to 200 yr. If any 


confidence can be placed in cycle analysis of a river’s flow, that attempts to 


relate with the changing weather, it follows that « only ‘embraced 


say, , 200 to 800 yr, are ‘necessary for any type of analysis. 


‘such as those in the past, , probably did not strike from “a clear sky”, but 


‘the culminating ‘point in a ‘stormy period of greater intensity than normal, 


and which developed gradually enough so, that with proper knowledge, due 


Se ta - The Ministry of Public Works of Egypt, in discussing the hydrology | of the 
‘Nile B Basin, states™ that these records of the flow of the river have been 


a analyzed for periodicities, and periods of small amplitude have been found. 


hey are, however, so masked in be useless. for 
ing purposes. A connection exists between conditions in the South 
eo! and the Nile, but up to the present it has not been possible to make 

a forecast of the flood which is sufficiently reliable for practical purposes. 

_ However, as | the science of meteorology develops: and the nature of the mech- 

Geographical Memoirs No. 20, Air Ministry, Met. Office, London, England, 1923. 
Nile Basin”, Vol. I, Physical Dept. Paper No. 26, -Press., 
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anism producing the flood becomes known in detail, it may be possible s some 


bw Boe produce an accurate forecast of the nature of the flood some months in 


_ The writer fies already called atter ntion to the connection that must exist 


in weather at different places, the reflection of which i is given in river perform- 
ance (for one index) It appears: ; from the foregoing quotation that the 
authorities i in charge of the controlling works of the Nile are cognizant of this aM a 
S aay and are working with it. The connection in the long swings, as defined — 
by the Bruckner  eycle, have been demonstrated in Fig. ig. 11 between the Nile — 
the Mississippi ‘Rivers. Doul Doubtlessly, fur further search would bring to light 
i, ee the entire record of the Nile back to 620 A. D. were analyzed to — : 
the eycles described herein, interpretations | of their probable effect upon t the — 8% 
economic life of that 1 region could be made by recourse to the vast storehouse m 7 
7 ancient literature that exists, which mentions here and there conditions 
that are ascribable to the Nile’ ’s behavior at the time. oo This river alone seems 
to have not only a a very long | record but also the written history « of the times to r, 
accompany it, so that the field ‘should be be very ‘fruitful. 
Pharaoh Necho II (610 B. was the first ruler” to attempt to create 
connection between the two seas (Mediterranean ‘Sea and Red Sea). Hero- 
dotus records this | effort. The ¢ canal tapped the Nile _Bubastis, near 
Zagazig, and mention is ‘made that the Red Sea extended ; farther inland then — 
than at present. _ The length of this canal was computed by Pliny to be about — 
English m ‘miles. Herodotus states that its construction cost the lives of 
000 men. Due to an adverse Oracle, warning that it might provide too 


for to Egypt, the was abandoned. that wend 


| 


> 


peri had ample 


“impassible a low-water 


the Nile very much farther up stream. 


Ptolemy wr wrote, in 150 A. D., the Sent clearly intelligent account of 
origin the Nile, something that had always been a ‘great mystery. 


writes of the two lakes, Victoria and Albert Nyanza, a: and the Mountains _ 


‘this ancient geographer, and account verified, 


“When one scans the history of reg regions not remote from Egypt, 

and notes the vicissitudes of climate they have « endured, it is is significant that 

the records of ‘the Nile disclose 3 no such changes—merely_ » changes of the 


vidently with reason that Egypt, with its 
and famines notwithstanding, ‘was a good place i in which to live, by contrast 4 
with other not far distant regions, the flow of the Nile River being 
enough so that even in its low periods, it carried wetichent water to keep the 
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DISCUSSIONS 


4 BLASTICITY APPLIED TO DAMS 


MEssRs. ARSHAG G. -SOLAKIAN, AND Lars R. JORGENSEN 
G. Esq. (by description of the theoretical 
i: and experimental analysis of stresses in dams due to body forces and hydro- fF ¢ 


of 


_ static pressure is contained i in this paper. U ndoubtedly, it serves ‘ “to familiar- | 
ize engineers with the use of the Airy stress function for the solution of E prob- 


has been United States the optical 


= = is not add considerably to the technique of photo- -elastic measurements. Further- 5 
more, the only experimental results offered | are e the boundary stress distribu- 
tion curves and a photograph of of an iso isoclinic band (which only serves to. give 
the direction of the principal s stresses along its s path (Fig. most 
useful ‘patterns of stress 1 fringes, which | give a concrete idea | as ‘to the distribu- 


tion “of stresses: in the ‘model under specific types of loading, ‘are omitted 


_ The method of conducting the experimental investigation (that is, of 
substituting body forces the model equivalent external loads) is not 


sufficiently a accurate to its general adoption. It is for this reason that 


i = Mr. Brahtz finds that in certain cases (see following Equation (8)), in the 


upper two-thirds of the dam the stresses obtained agree with experimentation, | 
iH re Bris and, in other cases, in the base region the boundary stresses are in close : agree: 

with the approximate methods used in Part I. This indicates that for 

a= =. no special case | of loading do the stresses in the entire field agree wi with those 

bg ‘obtained by theory. An important ‘objection | to the superposition . method of 

"finding the ‘resultant stresses (due to (1) the weight of the dam; (2) the 

vertical | pressure of water over the top of the foundation; and (3) the lateral 


es Notr.—The paper by John H. A. Brahtz, Esq., was published in September, 1935. 
Proceedings. Discussion on this paper has appeared in Proceedings, as follows: November, 
by K,. Silverman, Jun. ‘Am. ‘Boe. Cc. ; and 1935, by Fred L. Plummer, 


— 
—_ AMERI 

ae 

— 

| 


1986 ON AND PHOTO-ELASTICITY AND 1 191 


"pressure ) of water against the face of the dam in contact), is in: the e prin- 
cipal stress orientations for the three different types of loading are different. | 
Consequently, the investigator “must. go through a tedious analytica cal and 
graphical solution, which leads to results of questionable precision. — oe 
As Mr. Brahtz ; suggests, * ‘the easiest method would be to rotate the 


whenever it passes through the optical field”. This i is 


by e of the centrifuge- -polariseope apparatus developed : at Columbia 
- University”, in New York City. A box containing the model of a retaining 
; wall™, with sand acting as back- fill, is allowed to rotate at constant ‘speed 
to produce increased gravitational effects. A . steady i image of the stress 3 fringes 
in the model is projected on the screen by means of a stroboscopic polarized © 
light arrangement. The screen is stationary as in an ‘ordinary polariscope 
of transmission type. . The model and the sand» are ‘oriented in the box (oe 
‘to / magnitude an d direc- 
tion of principal stresses) of 
weight of the dam, WwW, 
| the vertical ‘pressure of the 
sand, W,, and the § 


Steel F Plate 


pattern” of the stresses ob- 
by this method, with 
a bakelite model, and sand 


thrust of sand, We A fringe 


Axis of Rotatio 


back-fill ‘rotating a at a speed 


of 1 500 rpm ina centrifuge) 97) ZA 


strength of 485, has been 


the limited speed 15. ARRANGEMENT OF MODEL In 
THE CENTRIFUGAL MACHINE. 


of the ‘centrifugal n machine and the s size , of the model | made « of bakelite having © 
a moderate optical I sensitivity to to applied stress, the number of fringes produced — 
in the p pattern are not sufficient for an exact determination: of the stresses. > 
new photo-elastic material”, having an optical sensitivity about three times 


‘greater than that of bakelite, would have ee sufficient data to be secured — 


of gravity the has done an amount of 
45 


“Bald 27“Centrifugal Method of Testing Models”, by P. B. Bucky, A. G. ac and L. ‘8 
Baldin, Civil Engineering, May, 1935, p. 287. 
Engineering, May, 1935, p. 290. 
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work. Except, the multiple- Ambursen types, 


_ The actual safety of a gravity dam is made up on  ietinlly of the following 

items. ~The weight acting downward on the foundation opposing any tendency 
se to slide; the. capacity of the material to withstand vertical tension at and 
near the up- “stream face; and the shearing strength of the material, generally 


-conerete. Since no gravity dam is known to have failed y crushing “i the 


oan 


Since the vertical tensile ‘strength of the bond horizontal joints 


a isa very uncertain quantity, | just as is the shearing strength of such joints, 


although perhaps toa lesser extent, these items are ordinarily neglected, a 

katy they Should | be, when computing the safety factor of a gravity dam. For such © 
—- a structure, the weight times the coefficient of friction must be greater than 


ae the water load, in order to give a factor of safety greater than one, when on the 


"structure is acting strictly as a gravity dam. 


£ 
The writer has recently had an opportunity to make studies on a pro- 
posed gravity dam, 173 ft high, of triangular cross- section (top width, 20 ft) 


having a | suggested base width of 75% of the height. yy In this case, the water © 


5b 


¢ 


[ 


be between 0.6 and 0. 75, this section as a gravity « dam 


aS may! have a factor o of safety between 1 1.09 and 1.3 1.36, provided there is 0 no uplift 


. Aa ~ and no back-water. ‘Such low factors of safety would 1 not be considered in any 


thes kind of a structure. On most well-built dams the factor of safety may be 
ee than the foregoing values indicate, but if it is, that fact will: be due. 


= to the tensile and shearing strength of the "conerete and not to gravity y action. 


Tests on models* have shown 1 that stresses in are not linearly dis- 
lanl as is generally assumed, but that tension does exist in the - up- -stream | 
tage of of a loaded dam at and toward its junction with the foundation. _ These 


particular. models had a a base width of « of the height. The existence of 
ie stresses in the up-stream face of a loaded gravity dam was also - eg 


eee theoretically by Mr. B. F. Jakobsen*, at I least approximately, and | by Ivan E. 


ae ed practical demonstration of the more than probable existence of tensile 
stresses in the up- up-stream face of a loaded so-called gravity dam is contained 
= 3 in the record of the failures of 68 gravity dams, With or | without curvature, 


Co Ro 


be ie - during the last 136 yr, or at the average rate of 1 every 2 yr. . The best method 
Ps for preventing — failures i in the future is to accept the existence of these 


and ‘provide gravity wider section ‘than is” 

The author shows a of the Dam on the San Gabriel River, 

in ‘California. — This dam would scarcely have any tension in the up- p-stream 


ce 
te 


437 


| 
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epee 32 “Hxperimental Investigation of the Stresses in Masonry Dams’’, by J. S. Wilson and 
‘William Gore, Minutes of Proceedings, Inst. C. E., Vol. CLXXII, 1907_08. aotions, Am. 80°. 
“Stresses in Gravity Dams by Principle ‘Least Work", Soc. 
“Western Construction News, April 10, 1932, p. 190. 
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ace at and - near the foundation, since its base is about t 86% of its height. 
With its Levy cross-section, this dam is perhaps” the ‘most conservative 
gravity dam in California, and, undoubtedly, is safe under any condition, 

Me since the factor of safety of such a section always will remain greater than 
one, without having to depend upon any help from the tensile strength 

How far one can go below a of judgment, but any 

reduction below such a section will be at the expense | of the safety factor. 

Many - engineers seem to have an unlimited faith in any | dam called a gravity 

_ dam; undoubtedly, that confidence is well placed when the base width is oo% : 
iV of the height, but for base widths of 66.6% of the height—which ¢ a consider- . 

able: number of dams have—that confidence is badly placed. actual factor 
' of safety of such a ‘section will depend upon the capacity of the concrete to 
take tension in )-stream face. Gravity action alone will not “produce 


factor of safety worth mentioning. 


2 Whether arch action increases the stability ¢ of a gravity d ain arched in 


a plan, and to what extent, at least in winter, is a debatable question ‘and one 
easy to answer. The question is even disputed internationally. The 
French | _regulations building dams discourage the practice of curving 
gravity dams in plan, whereas the Italian. regulations encourage it. The 
Italian regulations: even go far as not to require contraction joints, 
a gravity dam is curved in plan. 


The latest | dam failure was on the Orba River, in Italy, where a gravity 7 


be dam about 40 ft high went out on August 13, 1935, causing a great | loss of life | 


an property below it. brought “down more water than the 
spillways could take care of and forced ‘surplus. to flow over the ‘crest. 


The section of the dam was quite ample for the normal water load, but not 
for the increased water load, which was estimated at 50% above the normal. 
This shows that the normal factor of safety could not have been 1 more than 


1.50 from all sources, ‘since this factor of ‘safety. was ¢ ‘completely y cancelled by 


a 50% increase in the water load. 


7 = When a dam fails, there ‘is generally much more involved than, just the 


cost of the structure. It is especially important to satisfy the worst condition 


of F stress distribution | that can exist in the structure, rather than 1 the best. 


Several of the recent gravity darn 1 failures point to the fact that tension 


“than the lowe section. The assumption of linear stress distribution, 0 or the 


ae author’s stress Mttatien, | is not on the safe s side, , although n no fault can be 
found with the mathematics in the paper. — if it was 0 several of the recent “ 


dam failures would not have happened. 


that, all ‘points of ‘the up-s -stream face, such dam sections must 
have a | a pressure at least equal to the water } pressure. . This seers pro- 


- duces the so- called Levy section having a base width of about 85% of the 
height. The new ‘rules allow smaller sections, but for full reservoir there 


J 


be com compression in the concrete at the up- “stream face. 
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“Rapecialy when i it is subject to high-w -water pressure, , concrete deteriorates 

with age, ‘this deterioration being most marked in the up- stream “section, 

where it is water- -soaked. In many dams, deposits of lime have been shoveled 
out of the inspection galleries. This material can have come from no other 
place than the section of dam lying up stream of the gallery. The deteriora- 

tion is most pernicious in its effect on the tensile strength, which ‘is most 
needed relatively i in this portion. 1 if the section is s is so slim that the ‘fae of 

‘then the dam is likely to be i in distress at a fairly early The 
to avoid tensile stresses in the up-stream face is to provide an ample section. 
if such a section is much less than a Levy section, especially on the side-hill 

a part of the dam, the factor of safety will only be an uncertain amount greater 
one, acting as a gravity eight failures of gravity dams bear 


: 


4 


= 
al 


Oo @ 


4 
= 
| 
— 
Vin” 
| 
ti 
— 
- 
— 
— 


RELATION. on 10 


STRUCTURAL DESIGN” al 


By “MARSHALL G. FINDLEY, "Assoc. c. M. Am. M. Soc. oc. C. E. 
4 


5 Assoc. M. Am. Soo. E. (by letter) this 
paper Coun has made a notable ‘to the literature of 


structural design. The problem discussed is not one of detail method, but 
* of general balance, of 1 plan of action, and of criteria for determining the 
_ choice of method 1. It might almost be said that the author presents a prag- 


matic conception of structural design. problem involved needs discussion. 
— So much h literature of structural analysis has arisen that any one ‘supervising: 


design work is continuously. faced with the need for decisions as to how far mm 
to go in the use of analytical methods. | There i is no question but that, on the - 


one hand, certain practical problems are analyzed by mathematics too com- 


pletely ‘and too well. the other hand, other ‘problems are too ele 
analyzed—solved too much by tule- of- thumb ‘methods. Only ‘rarely is 


checked by common sense so as to 


lem, one e designer enjoying 1g the mathematics of eo too much, while el 
relies too ‘much on experience, which may be imperfect and misleading. Heat; 
:, The term, “hybrid” » as used by Professor | Cross, however, is omy unfortu- 
nate. The 1 writer refuses’ to use this term, , and will use instead ‘ ‘monolithic? 
as being more appropriate. The criticism is that monolithic action is natural 
and fundamental in some structures, whereas the erm, “hybrid”, suggests. 
it is a combination of two types of action. — Professor Cross has recognized + 
that the basic nature of f monolithic action i is his method of moment distribu- 
tion, wherein ev every computation starts by assuming perfect fixation each 4 
“end of each member. At the same time, the use of this ; inappropriate term, 
“hybrid”, seems to be bound up with a a fundamental misconception. In gen-— 
eral, -searcely a has been built in which true and natural action 


is not in some sense “hybrid”. It would be impossible to avoid the design 
of structures that do not somewhere, or in some manner, deserve this term of | 


x Nore.—The paper by Hardy Cross, M. Am. Soc. Cc. E., was published in October, 1935. 
Pr oceedings. Discussion on this paper has appeared in Proceedings, as follows : December, 
1085, by Messrs. L. J. Mensch, and Russell C. Brinker. 
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-opprobrium. Ther real point at issue is not whether “hybrid” structures can can 
or cannot be avoided; = it is rather how best to take , account of actual 1 — 
‘The criticism of this term is of toes in order to 
clarify” the misunderstanding that it suggests, and also to lead the way y to: an 
examination of certain detail problems, the writer presents first some general 
considerations. ‘These thoughts are partly | a a development < of ideas expressed 
in Professor Cross’ paper—one concerning the need of reconciling discordant 
= views . held by y practical designers and by theoretical « analysts; t the other 
that the designer often tells a structure what to do, and then must see to it that 
it can do it efficiently. _ Professor Cross. makes # a division and then pays very 
little attention to deformation stresses, to participation stresses, or to 
‘called normal structural action. He stresses the increasing importance 
of “monolithic a action, and | in this point all will agree. Iti is because of this 


2 increasing importance that structural analysis is becoming more widely used 


and, at the same time, more complex. 
Conceptions of Structural Analysis. is.—Structural a analysis is often 


considered an exact science. The aim under this conception is to secure an 
exact picture, by means of computation or of graphic analysis, of action of 4 


ae 


the beam or structure under si stress; of its deflection at each point; of 

“er tension, compression, or shear at this point; ; or of its” dangers of -eracking, 
twisting, or crushing, etc. This conception is very commendable le within limits, 7 
its are narrow. Only beams simply supported, simple 

a : Sava deep trusses, simple frames, and a few other structures can be analyzed © 
in this complete and ‘thorough manner; and, “usually, these : structures will not 


so analyzed for a practical is, the lack of time. Where such 
complete analysis is possible, imagination and experience usually make most 


i, _ A larger conception of of analysis must be sought, aed on account of cur- 
F _— lack of knowledge, and partly on n account of one’s inordinate ambition to 
build ‘complex things and to meet complex situations. Columns—simple and 


flat-slab systems, complex frames, and various other structures 


that cannot be completely | analyzed at present—must be designed. Design 
a wait for perfect analysis; as a matter ¢ of fact, it never has done so. 
‘Design has always led the w way y for analysis. Properly understood, design 
requires the larger conception of analysis. Analysis is no longer a complete 

exhaustive prophecy of stresses and deformations. Instead, it must 
ia relied upon as a basis of rational comparison | whereby _ complex and unusual 
conditions may be assimilated to simple and ordinary conditions. 

a matter of fact, the progress of structural analysis is such that 


“even approximate prophecy of action i in 1 many structures is impossible. ._Espe- 


Only on the larger « conception design: is it 
use mathematical analysis i in connection with such structures. Analysis” 
a guide to rational: a proposed design and ‘an 
Such ‘structures include columns, 
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ings, flat- slab ‘floor systems, and timber sheet- piling, and monolithic 


_ frame es of concrete. The computation is a guide to design, but cannot be 4 


This larger conception of analysis, as the basis of comparative ieee - 
. “the rational ‘method of of transfer of experience from shorter spans | to longer 
spans, from narrow panels” to wider panels, from light loads to heavy loads, — 


from static forces to moving forces, ete., needs discussion and elaboration. — 


~ ‘outmoded prejudice against indeterminate frameworks, still often 


essed verbally, is clearly a consequence of the conception. of analysis 
prophecy. The current interest frame analysis, in shrinkage and 

secondary stresses, and in soil ‘mechanics, is ¢ a sign the conception of 

analysis as a basis of rational comparison is in the ascendency. This interest 


sometimes leads to the assumption of impossible tasks, with resultant 


couragement. ‘Perhaps a discussion of certain definite problems, from the 


_ broader pc point of view, criticizing methods in the light of purposes, may be of 


The Simple Beam.—The outstanding of “normal structural action” 


is perhaps the beam of or one span ‘simply supported at each end. In this c case, 
when loads given, shear’ and moment deflection ‘diagrams can 


considered anite definite. however, is not at all, 
be and even n practically there may be some question, = OFINAeE 
The fundamental assumption of beam theory, that a section before 
bending remains plane — after bending, is only approximately true. In a 
rectangular metal section, it ‘might be quite accurate, but in steel I-beams or 
channels, in timber with its grain and flaws, and in reinforced concrete with 
its two different materials, this | assumption is only justified by t the practical P 


need for it. Shear computations are very rough. Even in a homogeneous _ 


= 


‘rectangular section, ‘it ‘is necessary to use an approximation to ‘estimate the 
relation of maximum unit shear to average unit shear. urthermore, | deflec- 
tion computations usually neglect shear deformation « entirely, , whereas in some 
types of beams it is of greater magnitude than moment deformation; that is, _ 
even ina simple | beam all the computations for shear, ‘moment, and deflection rt 
are based on assumptions which are usually approximately true, but which, 
in exceptional cases, may be very far from the a ee “ 

fundamental: assumption of beam ‘theory is only supposed to 
when no stresses exceed the elastic limit of the : materials, elastic 
limit is itself a —— or less v uncertain value, more variable i in some mene 
than in ‘others. - Hooke’s law of elasticity, that stress varies as strain, may 
become invalid in particular cases for various reasons, such as : QQ) Overload- 


ing a (2) heterogeneity of : a material (as in or (8) a gradual 
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Certain practical conditions may also arise where the difficulty 
dle serious. Consider particularly the matter of lateral stiffness. Girde 
a ing rails across track hoppers, for instance, require more attention to lateral ae: aa a 
bracing than to routine moment and shear computations. From the designer 
» 4 Point of view the lateral forces acting are due to chance and cannot be esti- a ie 


mated empirically. Cross- or diaphragms introduced to stiffen 


FINDLEY ON RELATION OF AN ALYSIS TO STRUCTURAL DESIGN 


a such girders make them “hybrid” structures, which must act m¢ monolithically.. 
hg In an ordinary floor the beams are braced at their top flanges by the ‘slab. 


That this occurs is recognized practical design certain rule- of-thumb 
Ps devices (cross- -bracing, tie- rods, top cross- -bars, ete. ) fect of these de 
“ ” 
is to make a hybrid” structure of even ordinary 


Thus, in general, even the simplest types. of structure May exist under 

conditions that make them complex in action, and unsafe to design as by 

“normal structural action”. _ Eccentric loads, the mechanics of buckling, | and 

the relation between shear and tension, are not very well understood in funda-— 


a ‘mental theory, and must be dealt with by constant watchfulness on the part 
~ of the practical designer. “1 “Hybrid” action which must be taken into account 


= in some manner exists in many unsuspected details. - With | this” warning in 
7 mind, moment, | shear, and deflection diagrams serve as very 8 satisfactory 


a guides for the design of simple beams. os However, they are only approxima- 


tions. Materials do not conform thoroughly to the assumptions of design, 


Wins 


even in . the most favorable cases. Lack of homogeneity in material 1 may result, 
in eccentricity and, therefore, in so-called “hybrid” action, where the assump- 


tions are practically perfect i in every other element, and the designer must be 


on the lookout for such 7 possibilities 5 oven in in the simplest cases. a 
ee Even a strut or tie designed for axial 1 stress only, presents many uncer- 


__ tainties 1 when examined inch by inch (who. knows the exact details of internal 
_ stresses in a tension member ar around the rivet holes, for Instance ) ; so that, 
in n general, in plain tension or “compression members, ¢ as “well as in simple 
beams, there ‘uncertainties of fundamental assumption, uncertainties: of 
tainties of perfect elasticity which the theoretical part ‘of the design 
very in imperfect, considered as exact prophecy. this: case a generalization 
_ may be made. Even in . the | simplest cases, theoretical structural analysis may 
‘be considered successful only when, , and because, is. safe, 


The Long Column.—The foregoing uncertainties apply to | struc: 

a tures res just as ‘surely as to » simple structures ; but there are also | other uncertain- 

oo s of many kinds. One of these uncertainties appears in the ¢ case of the 


column. Briefly, the best method of analysis seems to be an indirect 


one ; namely, the selection of a - section such that under chance small eccen- 
the tendency to bend does” not increase with time. Other methods 


of analyzing long columns are not truly methods of analysis, but rather 


Tn this case the rational purpose of design is that chance deformation 
stresses shall be controlled | ‘so that they do not ‘essentially tend to increase 
with time. ‘Here, clearly, if one one small part « of a column is weakened unduly, 
the result will be to throw ‘enormous s stresses: into other parts of the ‘column. 
Returning to the Cross definition of hybrid action, then, one may conclude 
= any long column is a “hybrid” structure, which, of course, is ‘simply 


— Je 
‘i 
— 
— 
— 8 
Wi 
— 
— 
qu 
— ax 
| 
— 
— 
— loc 
a 
— str 
— 
— cas 
— the 
— 
tha 
4 
— abl 
kir 
— def 
4 
j 
con 
= ti 
101 
0 
— 
— str 


Ba The Monolithic. Frame. —The uncertainty of prophecy is complicated by an 
entirely, different, type of difficulty in the case of the monolithic frame. 
7 ‘Assume for the present ‘that all external forces are definite, known, and static 


(w shich is rarely the case, as, for instance, on a track culvert). argument 
es as to whether clear opening or center distance shall be used for each 1 span i> 
will perhaps never be decided finally. Theoretically— that is from the p point 
er of view of prophecy—this is a very vital question. ‘If one decision is made, B 


Ez. end moments and shears will be computed, which are very” large and which 
- cannot possibly develop ; and, consequently, the ends of the moment and shear 

must be adjusted or neglected. the other decision is made, 


question must be more or less arbitrarily settled as to the treatment of certain 
axial and eccentric forces acting on frame walls 


P ractically, this question is not such a serious one, but only because the 


ry F point of view of prophecy must necessarily be abandoned. ° Whichever decision 
as to. method makes, the designe follows” that method through various 
gn, structures, and learns what adjustments to make i in order to obtain a satisfac- — 


tory design. | His analysis is of value | as a basis of —— not as a_ 
np- prophecy. nough structures of the kind have been designed, built, 

= to serve as a starting point ‘for the comparison, ie 


Deformation Stresses in Concrete—Setting, shrinkage, temperature 


nal is distribute assigning by ‘definite ‘definite 

aple In certain cases, however, such changes cause ation stresses, 
; ff approaching “hybrid” action. — Such | a case arose in the design of certain 


cer & structures for the Water ‘Purification. ‘Plant, at Milwaukee, Wis. In this: 


sign case, water-tightness requires continuity of certain walls and slabs, whereas — 


tion _ the fact that certain slabs frame into a wall at different. “elevations means 
may |} that temperature changes in the slabs will throw bending stresses of consider- 
safe, able magnitude this wall. | Only by a systematic comparison of some 
kind between ‘temperature deformations in these slabs, and —unit- moment 
ruc: deformations in the wall, can the resulting moment i in the wall be deter- — 


tain- mined. The stiffer the wall, the greater will be the resistance to temperature 
the deformations, 2 and the greater the moment in the wall and the tensile | stress 
e principle involved, that of comparison of deformations, of course, is 
‘fundamentally the principle of all monolithic action. All methods of indeter- a 
‘minate structural analysis, whether graphic or algebraic, whether based on 
conjugate joints or the slope-deflection ] principle or or the theory of least work = 


ation are methods of discovering distributions of stresses for which certain deforma- 
rease tions are equal and consistent. If the writer understands | correctly, Professor 
duly, j 


Cross looks upon simple and obvious uses of the principle of deformations as 


lumn. § cases of “normal structural action”, whereas more complex uses of this pri za 4 
clude ciple are covered by the term, “hybrid action”. 
imply = To this point, elements of uncertainty that must be e taken into account by : ; 


structural analysis, including e so-called “hy ybrid action”, have been 
discussed ; ; but all ‘the cases examined thus far have assumed known | and ae 


action 
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“dente aie acting on the structures in n question, Other elements of uncer- 


guess, , sometimes fp assumption, sometimes by m more naploneapacdy 

which, however, is always | open to question as to its “meaning. writer 

believes that analysis of these cases is” usually practically possible, and, in 


5 general, should be undertaken; but su such | analysis is clearly v wasted tim 7 


Bead 


Simple Footings. —The assumption made is that 
; is uniform over the entire : area of the footing (for centered loads) or that “4 


>~ 


~ 
= 


varies uniformly from one corner or side to the opposite one. In the design 
a footings this a seein is nearly ¢ awe on ‘the safe | side, so it is s used 


— 


is: difficult to use in many cases, , starting as it does with a differential a 
tion n of the fourth order. Practically, extreme theoretical accuracy is not 
“required. - Consider, for instance, a a simple wall footing, 1 with a centered load. 4 


_ The theoretical curve of earth pressures 1 is. a sine curve, but a parabola or an 


or may y be used 9 without serious error; ; that is, the > resulting ¢ shear and 


| 


"introduction of wind o or r impact pena an n exact earth pre pressure ‘diagram | becomes 
although not theoretically, impossible to draw. Inv “eases, 
ian practical approximations for design purposes can be made quite satisfactorily; 
- other cases apparently no ai amount of study and discussion will obtain e even 
-earth-pressure diagrams, and designer must analyze t the 
2 by the method of limits, assuming several possible worst cases. 
4 i A ‘The s situation is further complicated, of course, by the difference i in action 
ee between | sand, clay, hardpan, and rock, and by the usual lack of homogeneity. 
; in the foundation material. In this case, the essential point is that stress in 
‘Pe the footing and stress in the foundation material are related to each ‘other 
: by ‘means of deformation. The : stress in each is affected by the. capacity of the 
other to take stress, and not | in small degree, , but vitally. _ Thus, the load dis- 
tribution cannot be known until the design is settled. _ This i is really a another 
ype of structural gee not included i in the paper, , and should be given a 
n “reactive” 


type of action. 
The footing i is by no means the most complex: form of “reactive” action. 


are at least two definite forms in which “design analyses are being 

_ earried on where such “reactive” action exists in more complex form. eh 
bs ae | Sheet- Piling- —Especially as 1 used in anchored cantilever | bulkheads, for 
‘i quays, and slips, the sheet- pile is loaded by active horizontal forces due to 


water and earth pressures, and is held in place by the passive "resistance 
of the earth near the bottom, and by a an anchorage at the top. The anchorage 


y at at the top, in turn, o: often ; is held d in equilibrium b by developing passive earth 


ast 
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pressures. Separating the items of loading and of structural action, then, 
the following items remain to be considered: meek _ Water pressure, which is 
perfectly definite, and can be | computed without appreciable error; (2) active 
earth pressure, which is definite but more difficult to determine exactly, and 


nevertheless can 1 usually be approximated st sufficiently well for practical pur- 
“poses (like water pressure, this pressure exists independently of the deforma- 
n 
e 


tion of the movement of piles); (8) passive earth pressure, ‘usually greatest 


the bottom of the sheet- pile Gn cases passive earth pressure can 


be estimated very closely by the conditions of static equilibrium, and, in 

eo other cases, it depends « on Item (4) ds (4) bending : action in the sheet- pile, which fy 

it be considered because only by deformation or movement can Passive 
on — "pressure be « developed; (5) deformation at the top of the pile, due to give e of ni 

do anchorage, a axial stress in anchor rods, and bending of wales; and (6) passive 


n, pressure developed by the anchorage, which mutually upon and affects 
a os bo Theoretical methods have been proposed, , which take « certain of these items 

_§ into account. _ Empirical ‘methods have been used, which take all of them into 
d. "account, although often the cut-and-try method. Iti is clearly a difficult 


an type of analysis, because ] pressures that can themselves be estimated cleaeaiiie.. 


nd only by methods of indeterminate structural analysis determine, and in turn 

are modified by, pressures in which secondary analysis by means of 


he & The e term, ‘complex reactive” action, may be applied to this type of action. bi 


1es Design analysis | of this type ye might be considered an attempt at prophecy a a 
but as such is certainly not exact. 


Roadway Slabs.—An element of contingency enters into the design of tall 
buildings to allow for lateral resistance in regions subject to hurricanes and 


can 
earthquakes, or in ‘the selection of sizes for culvert drains in regions subject 
to heavy rainstorms. The heaviest conceivable winds or r earthquakes cannot 
be resisted economically; a and the heaviest rains must be expected cause 


floods. irst, the designer. must decide where to draw the line. between | high 


“cost and awkward structure on one hand, and greater convenience and 


Te similar element of contingency occurs: in the design of roadway slabs, ar 
in addition to the consideration of moving loads, impact, | and ‘ “reactive” 4 
action. all sub- -grades" were compacted perfectly and 80, there 


would be little bending stress in any roadway sl slab. Modern construction _ 


methods attempt to produce a perfect sub- -grade ¥ which will remain perfect. 
Consequently, although the designer may feel very sure that there will be 
failures of sub- grade, as a matter of experience, he | cannot prophesy where a - - 


failure will occur, or how far will extend. The assumption usually made 


is that a circular failure of ‘a certain diameter will occur in the sub- grade, — is 
= that the slab should be reinforced to carry e expected concentrations across 


such holes, whether central or at the edge of a "eee sONED eae 


5 the selection of the diameter of assumed sub- grade failure, the designer 


‘cope with a a third type of ‘venctive” action 
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by use. 


‘ous that Professor Cross’ “very” excellent 


‘modification. He emphasizes two points about can be no 
qu nestion, and which are very enlightening and suggestive. The first is the 
as to stresses, which, if not is ccertainly 


fruits of | experience “which have gone into ite. The second 
is pragmatic of design so- called “hybrid” action exists. 


~ 


“tells a structure what he w it to do, prs the structure 
es It is because of the characteristic of ‘monolithic and complex structures 
herein indicated, that safety in structural design can be obtained so often 


without. lengthy theoretical analysis, and with only slight loss in ‘economy. 
me By the method of limiting cases, which is an attempt to prophesy several of 


‘the worst conditions that might occur at opposite extremes, it i is often possible 


4 


to design, safely and quickly, a very complex. monolithic structure. 
<a ee ae The writer has previously criticized the author’s use of the term, “hybrid”. - 

it seems in place ‘to comment upon another use of words, namely, 
eo =) “normal structural action”. . This phrase i is not so much of a unity as it seems 
because the author includes. in it not only statically determinate structures, 
‘but also monolithic structures of va varying “degrees of complexity, ‘similar only 
St in that the experienced ‘designer can approximate their true action without 


‘much s tudy In other words, , design analysis as method of -prophesying 


—Conclusion.—In summary the writer wishes to emphasize several points 
which have been ‘Taised. . The first is that ‘ ormal | structural | action” is 


ea a convenient term; even the simplest static action includes 1 many elements of 
uncertainty. Furthermore, it. should be subdivided into” static action, , and 
‘5 = simple monolithic action, which are quite different in their essential nature. 

“Hybrid” action is perhaps a an excellent term for complex indeterminate action 7 


~ when a definite | load is divided according to » relative | stiffnesses of two or = 


independent or partly independent structures or “systems of members. 
an Certain | new ¢ classes have been proposed which should be included, resulting 


in a revision of the classification by Professor Cross, as follows: 


—Stresses Determined by Strains: thew 


1 


—Types of Action for Supporting Known 


action; 


(D) Simple n action; 

‘Empirically analyzed action (columns, ‘flat slabs). 
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Complex reactive action; and, 


Contingent reactive action. 


a ‘The writer agrees with the author very heartily in his suggestion that 
further distinctions are needed in 1 the general as to the relative 


ad 
Professor will © concur, at in — the further 
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SOCIETY OF CIVIL ENGINEERS 


DISCUSSIONS | 


THE PANEL I DEFLECTION METHOD 


Messrs. DAVID HALL, AD AND E. MIRABELLI 


B. Haun? Assoc. ‘tee. E. (by letter) well-chosen 
——— formulas, Mr. Shoemaker has unquestionably eliminated most of the super- 
fl 
uous operations and reduced the labor of calculating truss deflections to a 


However, these > same formulas | have obscured the underlying prin- 


to a certain extent, > that the actual application of the method 


following of the arch truss Fig. 5), although probably no 
ame mee be, therefore, of some assistance in ‘interpreting the paper, since 


each operation. can be explained separately, ¢ and in n fairly simple 
ya In general, if a 1 section cutting three members is passed through a truss, 


a change in length of one of these members causes the free | side of the 
to rotate about the point of intersection of the « other two members, and 


the amount of the rotation equals the change in length of the member 


by the perpendicular distance from ‘the center 0 of rotation to the 


member. | Shortening Member 46 in this manner causes the left portion 


of the truss to ‘Pivot about ‘Point 5, and» the ‘stretch in Member 4— 5 causes 


it tor rotate about the point where Member 4-6 (prolonged) intersects the top 


For chord members, since the center of at a a panel point, the 


sare not given it will be noted that the is equal to the 
5 

—The paper ‘Louis H. Shoemaker, Am. Soc. ay was published in 
a a November, 1935, Proceedings. - This discussion is printed in Proceedings, in order that 

ae the views expressed may be brought before all the members for reece — « the 


Asst. Engr., State Dept. of Public Works, Albany, 


8For a similar method see letter by William Am. 
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height of the | “panel cosine of the chord inclination, that 
the cosine of the chord indlinntion equals the 1 panel length divided by 
readily follows that su ubsti- — 
tution of f the chord length 
r the 2 panel length the 
only additional step -Mecessary. 
Men the deflection factor for 
24, singh 


centers o of rotation for web members the following procedure appears to be the a 2 
simplest to explain. The deflection at the end of a vertic al web member ‘is 

equal to the change i in length of the member. | For a @iagoeel, the change in 

: length n must be multiplied by the length of the diagonal divided lad the height 

of the panel on the stationary side. 


» 


| 6. 

ment |dand1| 2and3 —4and5 6 and 7 


25.0+10.0 


D 


17. | 9.32 
+ 28 | 12.84] 8.56 


9 | 2.33 aaa 

5-7 | 2.14 25.0+12.5] | 6.42 

3-5 | 1.30 25.0+20.0 | 1.74 1.50 | 

13 | 0:50 25.0+32.5 | 0:39 | 0.39] 0.538 | 

| 2.51 25.0+12.5 | 5.02 | 15.06] 10.04 10.06 

46 | 1.51 26.1420.0]) 1.97 | 3.94] 1.97, 3.94 

2-4 | 0.857 27°9+32.5| | 0.74 | O74] 

78 | 1.38 2.5+12.5| 3.71 | 0.74 | 5.93] 5.19 

5-6 | 2.61 7.5+20.0| 5.85 | 2.19 | 10.23] 8.04 39 

2.02 12.5+32.5 | 4.19 | 1.61 | 5.80] 4.19 
6-7 | 0.42 2.5+12.5| 0.42 | 0.08 | 0.66] 0.58 | 0.50 | 0.42*| 0. o ees 
| 1.25 7.5+20.0| 1.25 | 0.47 | 2.19 72 1.25* | 0.75 94 
2.3 | 1.66 12:5+32.5| 1.66 | 0.64 | 2.30] 1.66%] ..... | 0.77 

> 

2 


The following proof of this rule may be found easier to | remember than the | 
rule itself. In 1 Fig. 7 , if Member BC (or 4) changes i in length an amount, A i. 


while Side b remains fixed, Side c¢ will rotate ‘about Point A. | ‘The rotation 


be 4 and ‘the: ‘movement at Point B will be as a + Now, 
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| "a — area of triangle (also | 


5.85 Since: the e deflections at other 


| 


ai" 


are proportional to their from center of rotation, and since, 
in this case, the distances of Points 5 and 7 are in the same ratio as the panel | 


heights at Points 5 5 and 7 7, it is seen that the difference per panel may be obtained 
by multiplying the deflection at Point: 5 by , making the panel 


ing increment equal to 2.61 x —— x <7 aS 19. Thus, the deflection a at | Points 
a s and 3 3 contributed by Member 5-6 is 5. 85 + 2.19 = 8 04, on ik be 
Rs For a single horizontal deflection at the ‘support as as in this problem, a ve very 


simple method is available. 2. The ‘multiplying factor for each member of 


4 


truss is the : stress due to a unit at the These factors are already 
the remainder of the work, transposing the and calculating the 


4 
a oo. is the same as in the ‘original paper ‘and has” not been 
Tepeated. For algebraic signs it is sufficient to examine the picture and note 


whether a given deformation deflects the truss up or down. 


TS 


TABLE 5.—Horwonr AL DEFLECTIONS, Bortom CxHorp Pane L Por’ 


Factor deflection 


J 


Differ- 


“ence, 
h 


2.5+25] 1.00 | 2. 3.51 
7.5425] 6. 91 
12.5+25| 14.09 | 0.857 | 27.9+25 
17.5 +25 | 0.855 | 30.5+25| 0. 
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sift complete horizontal deflections ar are required (as in the case of secondary 


its length changed a known amount. The resulting horizontal movement is 


va. E. M. Am. Soc. E. (by letter). num 
chosen by the - author to illustrate the application of the panel deflection 
method involve s symmetrical loadings and symmetrical structures with vertical 
members at mid- “span. In dealing with cases it is possible t to use the 
center vertical as a reference and thus to obtain ‘deflections. directly. 
i When there is lack of symmetry | it is necessary to apply corrections for rota- 
tion of the structure for the same reason that corrections are necessary when 
Williot diagram used. The necessity for such corrections | when dealing 
with vertical deflections may be avoided by panel deflection 


mothod with a ‘method of elastic weights. 


AW 


6@ 30 ft = 180 ft 


1G. —DEFLECTIONS OF A 180-Foor 
SIMPLE TRUSS 
Referring to Fig. 9 shows two adjacent panels: of a truss, the elastic 
to be applied at Panel Point B y be expressed by the equation 


‘in which, Ae downward deflection of Point D to Point B; and, 
‘= downward deflection of Point D, with to Point B. 


From the author’s s development (under the heading “General ences for 


d — + ww wu, 


Asst. Prof. Dept. 0 of Civ. San. Mass. ss. Inst. Tech. 

“Die graphische Statik der Baukonstruktionen’”’, by H. Miiller- Edition 
ol. 2, 1, Stuttgart, 1922, p. 95. (2 
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Equations and (10) ‘may with (8). to determine 


al fine bending 1 moments in an an auxiliary end- supported beam or on 1 which the elastic 
‘weights are applied as loads. It should be noted that Equation is 
for panels in which 1 the diagonal is attached to ‘the lower panel point, ‘B, and 
a ‘Equation (10) is ; used for panels in which the diagonal : is attached to the 
The data from the author’s” 1 are to illustrate the 

n Table 


of bottom chord deflections are shown in Fig. 


TABLE 6.— SLASTIC For A 180-Foor Simpre ‘Truss 
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ae ‘Tew appears to the writer that the ponel defi thod may lose some 
when to panels which differ” from the 
Cs at the e panel it to insert phantom vertical 


bars at such points unless deflection equations: are to be 


a truss with a web the method would 
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DISCUSSIONS 


LATERAL PILE-LOADING TESTS 
Messe. c | MEEM, AND KENNARD THOMSON 


Soc. E. (by lette r). *«—Information of 


os interest and value is presented in this S paper. — _ The author has “presented the 
results: in such way as to make them practically applicable. As as 


oe goes, the paper covers the subject so thoroughly that there is little left. to be oy 

8 lees The writer feels, however, that in this general field there i is. a wide oppor- 
tunity for further research, as applying more particularly to tests made under 
otherwise similar | on piles or foundations that bear on widely 


varying types of soils, such as clay, loam, sand, gravel, etc. For instance, 


in his preliminary paragraph of conclusions, the author states: The 
following conclusions, therefore, are confined to the soil conditions and piling 


in 
arrangements under which the tests were made.” 

Wherever it is possible to do 80, be made and 


lated of lateral thrust : against t structures and of resistance to such thrust 1 under > 
"conditions similar to those noted. the the soil to 


in which the instability a the soil is such that tie- back or afters bracing 
A case in point, which is of paramount interest, is that in which a a mono- 
“lithie concrete pier o of a a bridge at Grand 1 Coulee Dam, in Washington, was 
“tilted by” movement of the glacial drift. surrounding movement” 


s: was ‘such that it reached a ‘maximum of 9 in. at the > top, , approximately 150 ft 


ei Such glacial movement could only occur in soils having a a predominating 
on or equivalent content. It illustrates, however, the necessity for a full 


understanding of conditions | where the structure is subject. to lateral 


stresses ar and, more particularly, where there is a “possibility that future 
operations may tend to change the status of the existing conditions. 
Notr.—The by Lawrence B. Feagin, Assoc. M. Am. Soc. C. E., was published _ 
- an November, 1935, Proceedings. Discussion on this paper has appeared in tes a 
as follows: November, 1935, by A. E. Assoc. M. Am. Soc. +, 


Civ. Engr., Brooklyn, N. Y. 
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PILE-LOADING TESTS Discussions 


{PERE 


xercised against unwarranted 

especially in borings may inadequate. The 

author is very wise, therefore, in stating that: Tn view of the fact that these 


__ tests were conducted in only one ty} pe of soil, and in view w of the 1 many variables 
no mathematical analysis is is included. ” 
writer has read many papers supported by beautifully drawn 
uniform curves of underground pressure, in which regularity might 
be imagined, but probably nev ‘never exists. the sense that no two blades of 
8 ‘rass are identical, probably no two eubic feet of subsoil are identical either; — 
conditions created by the material, the pressure exerted by ‘Nature 
r= the mass, variations in the -_ground- water level, the roots of trees, 


boulders, ete., are probably different in each case. 


nas Such uniform or symmetrical | lines of pressure might possibly occur in 
man-made piles of -sand—but never in foundations on origin: al ‘subsoil. 


Many years ago, the writer received a letter from an architect 300 
a away, containing : a long and apparently full description of a proposed — 


_ foundation, and was: asked to telegraph his | fee for giving his opinion as to 
Als, 
the safe load y per square foot permissible to be. placed | on the foundations. The 


proposition seemed 80 plain and 1 simple that the writer almost misled 


AG 
it, but suddenly changed his’ mind and telegraphed ‘that he would ‘not 


but some time afterward the writer, by mere chance, heard that the ‘proposed’ 7 


building had been constructed in another city and had collapsed before the 


architect ] had tried to o secure the the writer’s endorsement. 


‘The only time that one can feel really sure about s stresses underground is 
_ when they are purely hydrostatic— and even then the surrounding conditions: 
"must be understood thoroughly. In pneumatic caisson work for buildings in 
- Manhattan, the w writer has seldom noticed the : air pressure to vary more than a 
few pounds from 1 the theoretical head, with no allowance for weight of soil, 


adjoining buildings, « ete.; but the horizontal Hudson River Tunnels are differ- ‘| 
ent, , probably due to the great speed of construction as well as to the = 


such an opinion without first examining the site. . he architect made no Teply, 
thi 


“shields, where only one-half the air pressure is required 


‘The of sand, ‘day, boulders, vary in every even a 


feet apart. Sometimes, the engineer finds 1 more than a dozen di distinct, 
layers, with different colors of sand and clay i in a a single vertical foot. es 


Clay, dry or mixed with sand, boulders, ete. often makes a “natural con- 
crete “compact that excavations ‘be without any 8 side 


pressures, and, ‘consequently, without sheathing or shoring, but a small “quan- 


tity of clay in sand under water, often makes" the entire ‘mass ‘slide with 


“disastrous results. The author’ s experiments apply the tests” or near the 


4 ‘tops of the piles; but, in actual w pe the stresses might o oceur ‘near the — 
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Some of the reasons for observing the-locations (not always made clear in 
the reports of borings) are to determine the location and character of any 
adjoining buildings, rivers, lakes, ete., and the heights and character of 
adjacent hills. The borings "themselves: should give the water 


level ax and or not it varies. Of course, ’ borings are more definite 


Some y years” ago, about 12 acres land dropped 20 ft, sliding down hill 
and carrying buildings, a 200- ft chimney, ete., , with it in a few seconds. — co 
geologist from the South and another from the North had each made twenty- 
Fe five auger borings, and then the writer was consulted. As he could not find the 
cause from the borings, he decided to sink a 4- ft shaft, which penetrated 
good compact material for a depth of about 30 ft. At that depth, 
of very sloppy clay, almost soup, was ‘encountered » Which explained « every- 
aes The site of the factory w yas surrounded on two or three sides by -- 
hills, and above the factory was a fair-sized lake. 
_ There had recently been a very rainy season ‘and some of e's rain had 
: found its ‘way to the clay stratum, which was at the | level of the creek at the 
| - foot of the slope. m The slide resulted, moving the creek itself about 20 or 30 ~~ 
The first day the writer saw the site he advised draining the lake (which 
was above the most important building left standing) | and this was done at 
once. _ It had been claimed that a pile of broken stone, covering a compara- 
tively small area was responsible for the damage; but the broken stone did | 
i “not weigh 1 ton per sq ft on the small area it covered. - Furthermore, a section ; 


virgin forest near- -by had also sunk. 
That stresses may occur at any point along the entire of a a pile is is 


= earth- fill leaving an opening an existing railroad at at right angles to 
line. op opening was, provided for by driving 1g 1600 wood piles, on top 
which | were built two side walls, ft thick, ‘of concrete, Ps These side walls 


were 33 ft apart and connected at the. top by a concrete arch, supporting the 
ew fill, but had no connection at the bottom above | the wooden platform on 


When the writer examined d the site he found the concrete abutments badly — 
shattered, having moved horizontally 10 ft at one end and 3 ft at the other. J 


The elevation of the e original groun was” about 1300 ft above sea level, 
the hills near- hy were about 700 ft higher. us 
_ itt was obvious that the water must have found its way from— these hille 

‘clay or quicksand stratum at a level somewhere above the bottom of 
the foundation — piles. In this case the piles may have weakened instead 


of strengthened the structure. If concrete tunnel had been con- 
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DISTRIBUTION’ ‘OF STRESSES UNDER 
FOUNDATION 


wW.S. Houser,” Assoc, M. Ax Soo. (by letter) \ contribution 

‘to the subject of foundation pr pressures is embodied in this pa paper, “which 1 has 

= to the practicing engineer and student of soil mechanics. 
concise presentation, with complete 1 references, should make it easy 
any one interested i in the subject to be well informed on the mathematical treat- _ 

ment of a a problem which heretofore has been | exceedingly difficult to review 

completely. The solutions of several cases of pressure distribution, although 


still dealing with conditions more ideal than real, are a closer t approximation 


i a) actual conditions encountered in "practice and should form the basis of 


enlightened discussion and further development. 
av author’s analysis of various experimental results is most valuable in 
calling attention tot the fact that practically al all | previous 1 investigations intro- 
= a variable pressure » distribution on the bearing area which controls the 
“maximum pressure ordinate at depths beneath that area. Scarcely | less impor- 
tant is s the , emphasis ¢ on mn the concentration factor w which i is discussed i in connec: 
tion with solutions. . The writer is inclined to feel that the “equations 
presented® are not as convenient as those which have been developed in 
terms s of trigonometric . functions, but that does not detract from the value e of 
analysis and discussion. There is little to be added to the author’s 
of the tools supplied by the mathematical theory of elasticity and his con- 
mark the point from which 1 discussion may begin. These conclusions 


manner in» which 1 pressure is distributed over the 
must be considered ; and (2) the equations of the theory of 


must be modified before the they can be applied to soils.’ 
In the writer’s opinion n the only fault to be found with the first conclusion q 
is i thet it might well be made more emphatic. So much confusion and false 


is 


Notge.—The paper by A. E. Cummings, Assoc. M. Am. Soc. C. E.. was published in 


is: August, 1935 Proceedings. Discussion on this paper has appeared in Proceedings as mo 


‘i oc. - lows: October, 1935, by Messrs. Clement C. Williams, D. P. Krynine, and L. C. Wilcoxen: 


ate November, 1935. by Messrs. Marshall G. Findley, and M. A. Biot; and December, 1935, by 
Asst. Prof., Civ. Eng.. Univ. of Michigan; Research Consultant, Michigan State 
Secret D ber 6, 
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‘distribution on the bearing : area a itself ‘that it certainly is gratifying to 
this fact recognized as being one of two major conclusions — by the ; 


the elastic equations may be altered so that they may be applied to soils. (The 


== opens the « door to definite progress paar’ of how 
author suggests the concentration factor, n, as the means: of altering the 


. tions and indicates that | n must be v varied in some manner, r, depending on the 
y type of material, the load applied whether high or low, and the size of 
the bearing area whether large or small, all this there seems to be 


‘room. for anything but enthusiastic and unqualified agreement. Thus, the = 
paper establishes | the fact that research in n foundation pressures in its broadest 


sense implies much more than a mathematical study of the distribution of - _ 
load concentrations: through bodies of “material indefinite in extent. It is is 


also recognized that such | mathematical studies hecndid not ‘yet provided founda- 


t- writer proposes to discuss the correlation of pressure distribution 
ae elie with a ‘practical v working theory of soil resistance which may y describe — 
behavior more completely and which may provide definite methods 
of ‘Measurement by which variable factors not included i in the elastic theory : 
may be evaluated. In its fundamental aspects the analysis of soil behavior | 
i not differ from that of / any other problem in mechanics of ‘materials. 
‘There e are two major | steps involved in such a a problem: First, it is 3 necessary 
t determine the stresses imposed on the material by application of load ; and, if 
‘second, it becomes necessary evaluate the resistance of that material to 
those stresses in terms of ‘deformation and ultimate e capacity to carry i 


It makes little « difference whether th the material is in in an indefinite 1 “mass or an a 


found until both aspects are subjected to — 


_ Pressure distribution based on elastic theory beats only ite on the first a 
of the ‘Major problem and, being limited to materials of assumed ideal 1 proper- 
ties, has not entirely fulfilled its purposes even there. In the writer’s opinion © a. 


psa theory has almost, if not entirely, been exhausted in producing results sof 


of practical value, and valuable as these results been they leave a ‘con- 
siderable gap } to be filled in before foundation problems can be treated on i 
‘tational basis. They have given foundation engineers, however a number 


of sound ‘conceptions as to how load may be transmitted through soil masses 


and the type of stresses that would result, — The task of securing icp can a 
of the limitations of. the elastic theory and ‘the ‘building of new concep- — 
tions which : may ay be free from these limitations are fields for further progress. 
Before attempting further wee along this line it seems pertinent to 
~ define the attitude with which the writer ‘proposes to > approach these oe 
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tude o modern physics toward natural phenomena are nowhere more re aptly 
presented than in the definition of a theory given by Dushman* , According 

to. this eminent physicist, a theory is nothing mo more than | a “system of con- 

eer ceptions which will enable one to describe the results of experience and obser- . 

vation, a system which shall be as ‘complete as possible but, at the same time, 
simple and comprehensive. Born® also serves warning that “the true laws 
is of Nature are relations between magnitudes which must be fundamentally 


observable. magnitudes lacking» this pr property occur in our theories it is” 


Accepting this | creed, the development of founda- 


tion consists of orderly process of collecting data by careful 
nd correlation these data; finally, the 
of conseptions the results of. observations only in terms 


>’ 


of magnitudes which may be subject to direct observa ation, 
It _is not nee necessary to attempt citation of the various | 
mental and ‘mathematical investigations in the light of the author's excellent 
review of both. . The writer attempt only to discuss conclusions which 
may > “be drawn from these investigations and limitations which must be 
recognized in ‘applying the conclusions to practical problems. 
a Pressure Beneath the Surface. From a survey of t the 
esults of the various experimental investigations it appears that there are 
wo types of pressure a aaped w which show | a significant difference. 
his difference is illus ~~ 


a distribution found on _ I planes relatively close to the bearing area. } 


yields. definite evidence of a concentration of pressure in the: region 
beneath the bearing area, whieh may be referred to as the central column 


the compression cone. This concentration of pressure is a ‘phenomenon 


tha t has been noted in 1 practically all experimental studies. It has generally 


described jin two ways: ‘First, by increased values of the vertical 

_ pressure, Pz, in the central ‘column; and, ‘second, by decreased values of ‘the 
= of lateral distribution, , Dos for planes close to ‘the bearing area. Curve 2, 


which is typical of pressure distribution at greater depths where intensities 


“Te “Modern Physics—A Survey”, by Dr. § Saul Dushman, General Electric 


1 General Blectric Review, . June 30, 1930, p. 332. 
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of pressure are not excessive, shows no evidence of the foregoing concentra- 
| tion | of pressure. | Intensities beneath the bearing area appear to be more 
. | ee with those in the compression cone outside the central column and 
| the angle of lateral distribution appears to approach a constant maximum 

value which, by experiment, has been found to be approximately 60 degrees. 

Hos ‘The concentration of pressure in the central column is accompanied by 
non- -uniform of pressure on the bearing area which the author 
alysis of experimental results, Rather + than to 


non- pressure distribution on the contact surface is 

the cause of the concentration of pressure in the central column, it seems 
nore logical to conclude both result from so ‘some other phenomenon of 

‘primary importance. It, is at this point ‘that elastic theory becomes quit 


inadequate and must be e displaced by more basic limited by 


the first ; place soils possess properties of the elastic 
material necessary to satisfy the "very important condition of continuity of 
stress-strain relationship. The fact that the equations of elasticity yield — 
pressure distribution curves. which are at least qualitatively adequate does 

not alter the fact that the quantitative results are of limited value. — This | a 

situation | arises from the fact that. distribution pressure through 
follows laws depending upon ‘Statistical regularity which may obtain 


al? 


even in an essentially discontinuous medium. 7 te.) 
Failure of the elastic theory appears to originate from two dif- 

_ ferent sources. _ First, there are discontinuities arising from boundary condi- 7 vy 
tions: which are introduced by the e problem of treating load applications over a 
“finite areas resting on an indefinite body of material. These considerations 

| are entirely a function of dimensions not peculiar to any particular material - 

| to extent, are independent of the physical properties of the mate- 
rial. Second, there are discontinuities arising from the ‘manner in which the as 
“material develops resistance to stress or rather fails to develop resistance to 
stress. ‘3 The latter phenomenon is affected by dimensions of the loaded area, — 


is primarily to properties of the material. 


of which there 1 was no > apparent ‘effect to the load. Be 

alter the elastic equations to produce the concentration of 
‘pressure in the central part of the compression cc cone. . His attempt to extend 
these equations wa was satisfactory only i in special ca cases, as : no single continuous 

function appeared to be flexible enough to satisfy the wide in soil 

In the writer’s opinion the concentration factor introduced by later inves- 
tigators and discussed | by the author will not prove to be any more ‘satisfactory 

e in the final analysis. ; The imperfections in the ¢ elastic theory as applied a 


_ See “Pressure Distributio 
ie Bautechnik, No. 29, 1927. 
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ge iciiainetiten in behavior, and it appears fairly obvious that no amount of 


ae adjustment will fit these ae into a framework based fundamentally 
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7 me Lae _ The lateral distribution of vertical pressure re from a | finite area is primarily 
a boundary phenomenon. T his may be illustrated by | ‘some results” obtained 
experimentally by ‘Kigler and § Scheidig". These results, ‘shown in Fig. 13, 

at 


Positive 


represent the pressure at some depth beneath a large 


4 rigid plate resting o on n the surface of a sand fill. _ The « dimensions and rigidity : 
the plate are such that the load distribution at the contact surface 
essentially uniform except for ‘some secondary boundary effects which “may 
be neglected in the present illustration. | important point is that at 
7 depth slightly less than one- -fourth the diameter of the | loaded | area the initial 


Do» was transmitted downward | without. change ir in the central ‘region 


ing a ‘uniform p pressure, , which is approximately true in 1 this case. e. The 


1 which lateral distribution occurs may be described in simple 


demonstrates that it is ‘essentially a boundary effect. 


2 x If the central column is to be relieved of any of the applied pressure as 
=. the load is carried downward this must be accomplished by means of yenrndl 


resistance developed on the vertical planes: through | the of the ‘bearing 
a Sta area. . The i increase in pressure ordinates outside the central column and the 


ae decrease > in ordinates inside the central column both originate at the boundary | 


aa and this combined effect extends horizontally in both directions from that 


a 


plane a as the depth increases. As long as the horizontal plane considered 


"sufficiently. close to the bearing surface, the effect from opposite edges does 
not overlap and. ‘the maximum pressure, po, may be transmitted downward 


a = es without change over some width dependent on the limiting angles of influence. 
is also a ‘necessary condition that the areas of the pressure > diagram 
depth be equal. The areas taken from the original pressure diagram 
should be equal to the areas transferred to the region outside the central 


column. This condition is is not entirely fulfilled in the present illustration 
due to imaccuracy y in: assuming uniform distribution of pressure in the 
absence of more complete information regarding di distribution on the contact 
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- im further point to be brought out in connection with Fig. 18 18 introduces 


& the resistance of the soil itself as influencing the transmission of pressure. — 
re If the > loading is continued beyond the point that produces shearing stress” 
on the p perimeter r planes in excess of the shearing resistance of the soil no 
‘more pressure. can be transmitted to the region outside the central ‘column, It 
ya 
is obvious then 1 that such additional increments of load must be , carried by 
central column as a concentration: of pressure, a condition which may 


obtain “until the central column i is loaded beyond its capacity. _ Thus several — 
distinct stages” of behavior» are” introduced between which the relations 
involved are quite dissimilar and, ‘therefore, be expressed by a 


ee 3 Distribution of Pressure on the Contact Surface. —The importance o of the 
pressure distribution at the surface of contact has been emphasized by 
the author and in this discussion. . The type. of pressure distribution depends 
‘primarily on boundary conditions | and resistance developed by the ‘soil mass ; 
and varies depending on the relative rigidity of the bearing plate, 
ie dimensions of the loaded area, and t the relative intensity of the load. — With — 


all these factors involved, the most - fruitful line. of attack | “appears: to be to 


consider r types of pressure distribution and their relation to the manner in A 


which resistance to load is developed. — It may then be possible to , formulate 

methods” of evaluating resistance to. load which are dependent on direct 
measurements and base—rsgneen of quantitative determination of the actual 
sure distribution. ‘This seems to be the only feasible method of approach — 
s it i is evidently impracticable i general practice, if not to 

measure actual: pressure ‘distribution on all foundation substructures. 

There are two major types of pressure distribution curves which are illus- ~ 
trated in Fig. 14, and which depend upon the type of boundary reaction 
general, 1 materials that are cohesive develop stress" concentra- 
tion at ‘the edge bearing area | which may | be described as a positive 


—- ‘reaction. As a result the pressure on the bearing area is engl 
and minimum at center. | case boundary i 


cases in which ‘the boundary is a source of w weakness to 
Fs develop resistance to vertical p | pressure which | ‘may nay be. expressed as a negative — 
4 boundary reaction. _ ‘The ‘resulting pressure distribution gives maximum ordi- 
ates at the center of the bearing area and minimum ordinates at the edge. 
‘Such a condition obtains at the surface of bodies of granular material and 


is typical of most of the ee investigations of pressure distribution 


a The loss of bearing capacity the boundary the loaded area is 
‘difficult to explain by the manner in which load is transmitted through a 


ea mass. s. Particles i in contact with the bearing plate transmit vertical 


Gives no cakesen the only means of transmission is by arching action, with | 
Ba reaction to horizontal thrust in the , elementary arches being furnished by 
— ‘the of the area and at the free surface the resist- 


red — 

— 
— 
lity 
tial 
wm — 
um- — 
‘Wag 
— 
ms — 
— 

lary 
that 
— 
— 
t 
na — 
ram 
tral 
| 
io 
the 
tact 5, ; : 
= 
a 


4 

ane to horizontal thrust is zero, and the mass is ineapable of furnishing 


resistance to vertical load. the center of the bearing area horizontal 


thrusts are partly balanced consequently, the elementary soil arches 
re capable of carrying higher intensities of 4 


situation is not generally encountered in practice 
«itis representative of the conditions u under which ‘most experimental investi- 
have been performed. 


on an exposed surface, but are located 2 some with static 
head, ‘to overburden, available to furnish a a considerable resistance to 


lateral displacement, | Bearing-capacity tests on granular material conducted 


under the > w writer’ 8 supervision have shown a positive boundary reaction for. 


range during which there is sufficient: resistance to prevent lateral 


placement of the granular ‘material a at the edge of the bearing 1 plate . The ; 
behavior of foundation mats in general indicates that boundary reactions are 
Re ‘more often positive than negative, inasmuch a; as such mats almost invariably 


become dish- shaped with the concave surface upward. The smaller se settle- 
“ments at the edge of such mats, over which the loads + on fairly well distrib- 


uted, can only be accounted for when the reaction of the soil mass is ‘greater 


that point. The writer has encountered very few. “cases in which founda- 
tion mats settled more at th the edge than 1 at the center, 1 and these e settlements | 

could be traced definitely to heavy load concentration at ‘the edge of the mat. 


Cee Somewhat apart from dimensional effects and soil reactions which affect 

pressure distribution on the contact surface, consideration must b be given 


rigidity of the bearing plate. an ~All other things being equal, the pressure » dis- 
tribution may vary from extreme type the other , depending upon this 


rigidity. bearing plates carrying a distributed load will | conform 


‘uniform pressure on » the plane of Concentrated loads on mn. flexible 


Plates are generally transmitted ‘through the plates without fully developing 


the contact area, 1 resulting in 1 high concentrations directly 


Pressure distributions on rigid bearing areas are by reac- 
tions in the soil mass regardless of whether the load applied to) the plate ie 


“concentrated or distributed. S Some of the 1 most effective studies of ‘this, type 
problem have been made by: photo- -elastic ‘methods an of which 


show that concentrations of pressure at idee edge and that ‘the 


In the preceding discussion the writer attempted to attention 


with some degree of completences to those factors which cuter into. a -determi- 
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of stresses in a Mat, all, “ factors are 
fairly” well recognized although they may be described in different terms. 


- The attempt has been made in this discussion to place emphasis on certain 


Fic 15.—Srress DistrisuTion By PHOTO-ELASTICITY. 


aspects of Pressure distribution which ‘the writer be correlated 


Because of the fact. that s of the assumptions of elastic cannot 
‘+ applied to soils, the distribution of stress predicated o on elasticity cannot be 
considered d satisfactory except in a qualitative sense. These limitations of 
elastic” theory lead one to the conclusion that it is essential to simplify the 
: methods of dealing with the problem, thus making it possible to include some 
important factors that otherwise | ‘may be ignored. it seems entirely logical in 
a qualitative: treatment of pressure distribution to accept such simplification 


as long as the results are only used to establish other relations which may me <1 — 


roper quantitative basis. procedure is particularly 
_ necessary in order describe pressure distribution in regions close to rg ? 
bearing area where dimensional effects and ‘discontinuities | due to several 
different stages of soil -Tesistance are most critical. 

‘Simplified Method of Pressure Distribution.—Such a simplified method = 
& pressure distribution is shown ‘in Fig. 16, in which it is proposed to deal — 
pressure “distribution by linear relations combining triangular and 
rectangular | pressure > distribution. All the examples i in the suce eeding discus- Fe 
7. will be treated in terms of the two- dimensional problem rin a bearing = 
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on the is credited to Michell ‘and has. reviewed” by” 
George Paaswell, M. Am. Soe. The problem will be treated in terms of 

“+ uniform pressure, Poy at the contact surface and ‘the effect of a non- -uniform — 


Ai 


Michel Equation 


16. 


respective diagrams is equal, ‘as shown in 


In Fig. 16(a) the distribution curve as given by “the Michell | equation is 
by a straight line which 1 varies s from zero. at the. limiting angle of 


“Transmission of Pressure Solids and Soils and the Related Engineering 
Phenomena”, by George Transactions, Am. Soc. C. E., Vol. ‘LXXXV (19 
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distribution with a slope « of 1 on 2 to a imum ordinate at the vertical x 
plane through the edge of the bearing area. A uniform pressure or rectangular 2 


distribution is used under the central column of the compression cone. 4 
average or uniform ‘pressure commonly assumed in practical problems is 


~ obtained by | a redistribution or juxtaposition of equal triangles, 1- 2-3 and 3-4-5. no 
In order th that the areas of the pressure diagram shall be the same, the angle 


of average pre pressure distribution must be 45° or al on 1 slope which is a 
_ value commonly assumed. ~The proper value of the limiting angle of distribution — 


factor and i is taken as a slope 1 on or 63° 26’ for several 


i 


limiting zone of would be’ by the measuring devices 
far used; therefore, the difference of 3.5 is not | significant. As will 
be shown subsequently the ‘relation between the angle ¢ of average pressure 
a: distribution and the e limiting angle of influence verifies t the slope | of Ton! 2 
since the equilibrium of elements within the compression ¢ cone wom S 

the average angle of distribution be 45 degrees. 
gale For the purpose of discussion accepting the the assumption | that , the ie 
tion | angles are correct, three cases of pressure distribution | arise, defined by 


horizontal 

Fig. 16(b) the full intensity of the pressure the ‘horizontal 

plane over the middle of the central column. Such a di distribution takes into 
account ‘the fact that the lateral distribution is a boundary e effect which | 
depends upon the shearing | resistance, m, acting on the vertical planes through 
‘the edge of the bearing area. : The result i is also in conformity with results ; 

a of Kégler and Scheidig shown | in n Fig. 13. Second, a special case exists” in 
which the depth, | d, is s equal to —. As illustrated in Fig. 16(c) the same - 

principles are e applied in obtaining the , pressure distribution as were used 

in the previous example. — Pressure triangles are taken out of the original — 


pressure diagram ‘equal to the Pressure distributed | on of the 


distribution to both "sides ‘the ordinate “of the part 


of the diagram The average pressure distribution may be use 
obtain the same viii considering the average pressure within a 45° angle 


- distribution, and changing from the rectangular to the triangular distribu- ry 


tion outside the central column in the same manner as indicated in Fig. 16(a) io 


cases when the ratio is greater than ‘it is firs 
obtain the average pressure to determine the center ordinate as shown oo 
the. diagram, as it is impossible. to work directly fro pressure 
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The comparison between the e simplified and the elastic 
by Michell been made for purpose of correlating the 


_ posed ‘method with previous investigations. In the light of the limitations 


Bs of the elastic theory, the writer does not feel, however, that the mathematical 
solution is entitled any pre-eminence criterion of accuracy as far as 


"quantitative results are Nevertheless, it is interesting note 
variance and, in the light of all factors that 


should be considered, to. the probable accuracy of the results obtained. 


a For the case in which the dete considered is less than = the agreement 


1 


pa s quite close, but the @ Michell solution fails to give a center ordinate equal 


WAS 
a: ‘po which should be the case if the boundary effects are properly treated 
As 


soon as the boundary effect from either edge overlaps, as for depths greater 


than —, the elastic solution gives a center ordinate greater | than that obtained 


from the simplified method. ‘te view of the factors involved, the writer can 


gee little choice i in either method in judging the accuracy of the result. res The 

is: _ simplified method appears to include the more rational treatment of boundary 

effects; but at best At is only an approximation. all cases the elastic 


solution gives smaller ordinates in the regions more ‘remote from the central — 


‘When non- uniform distribution on contact surface is ‘considered in 


"relation to the phenomenon of lateral distribution of pressure the results of 
the simplified method appear more favorably. | In that range of load where 


shearing resistance on the boundary planes has been exceeded, distribu- 
~ tion on the contact surface would tend — maximum pressures at the edge : 
pressures: at the center. ‘Translating these conditions into 
ae pressure distribution on planes below the bearing area, it ¢ apparent that 
aoe center ordinates would be decreased and ordinates outside the central column = 
increased in closer conformity with the simplified pressure diagrams, It is 
that this i is the case more ‘commonly encountered in practice. 
the pressure distribution on the contact surface is maximum at 


as ie center and minimum at the edge as in most experimental results available, 


= : this behavior may be traced to a failure to affect lateral distribution at the 
Ba: boundary, and there is a consequent concentration of pressure in the central a 
— column. In this case the simplified method does have a real advantage because 
it ; affords a ‘simple and logical method of treating concentration of pressure in i] 
the central column. ‘The importance o: of this advantage lies not 80 much i in the 
‘pressure ordinates i in the central column as as it does in 


the correlation of stress ‘distribution beneath a loaded area with ability” to 


amy carry load. After all, 1 the determination of stresses in the soil mass is merely 
the first step in developing ‘methods of evaluating bearing capacity. Thus, 


from a study of pressure distribution, it has been found that one of the two 


major types of stress is s shown to be concentration of pressure in the central | 


central which a lateral distribution of vertical pressure. 


— Ja 

ae 

— 

4 

— 

— | m 

— 

m 

tid 

— 

| 

t 

— 

4 

— 

— 

— 

— 

> 

— 

— 

| 

| 

— 

— 

— 


1 1936 HOUSEL oN OF STRESSES SSES UNDER A FOUNDATION 
The problem now becomes one of evaluating the resistance of the soil 
to these two types” of stress in terms that ‘may be subject to direct 
_ measurement. In Fig. 17 are shown the stress conditions in the compression : 
cone i in terms of which it is possible to study ‘the equilibrium of the various 3 
| elements ‘and establish their ultimate resistance to load. 


a 


q 


a Element the’ offers to deformation 
two ‘distinet stress reactions. The first the summation of three ‘similar 


pressure components : m, the vertical | pressure representing cubical compres- 


sion with lateral components furnished by the confining influence of the sur- 
-Tounding body of material and involving no shearing stresses within the ele- 
ment; 1 mg, the vertical © pressure e transmitted downward without increase in 
lateral components up to the full capacity of the soil to develop 
‘resistance on 45° planes of. ‘maximum shear; and ns, a third increment of 
Vertical pressure arising from the static pressure due to surcharge, which in- 
some cases may be available as additional confining influence. ~All three - 
these factors are included in a stress reaction which may be defined 
pressure _and | represents the ¢ capacity of the central column 
‘directly downward without failure due to lateral 
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of pressure through the shearing resistance, m’, acting on n the 
. dary planes. The - vertical load carried in this fashion is a function of the | 
= perimeter of the area and | may be expressed | in terms of the bearing pressure: 
the area by dividing the total boundary force, by the area, as 


a shown in the equation for total bearing capacity, po. The equilibrium of 


2 within the compression cone and outside the central column estab- 
es me _ lishes certain conditions which must be satisfied and | leads t to some ‘significant 

a “relations. As long as the shearing resistance, m’, is not exceeded, no concen- 
- 


tration: of pressure will develop within the central column and the p pressure 

distribution across the compression cone may represented as uniform 

pressure, Element 2 must also furnish the lateral component, n, result-_ 
ing in a shearing stress, m’, on the bounding the element. 


om 


planes of Element 2 are equal, the resistance, m’, | 
Lat A bo th planes must also be equal to nm; In the first place this condition requires 


that the angle of average distribution be 45° ‘as no other value of the | angle ~ 
- will satisfy all three equations of equilibrium, which require that the summa- 


tion of horizontal and vertical forces and the summation of moments be e zero. 
‘The quality of shearing stress on ‘planes at it right angles to each other 
stated in Cauchy’s theorem®, also may be used to define the angle, aS 

having a specific value of 45 Thus, , all the requirements for equilib- 
rium of elements ina body of material are satisfied except the commonly — 

“accepted condition of continuity of stress. the problem under 
tion the discontinuity of of stress i introduced at the boundary of the ‘ 


2 ae ‘The ; increments of pressure transmitted as as concentrations in the central 


Ds aie column do not : affect the lateral distribution, as this path of force transmis- 
Ae sion is cut off when the ultimate shearing resistance of the soil is exceeded — 


on the perimeter planes. supporting power of the soil is not ‘exhausted, 


er pressure distribution that cannot ‘be represented by an ‘average pressure for 
full width of the compression cone. Any, attempt to use such an average 

pressure distribution results in an erroneous value of the angle of distribu- 
tion. It is important to note that apparent values of this angle of less 


are due to changing proportion | of two separate and dissimilar stress 


rather than to a change i in the angle of lateral distribution. 
‘ 2 Correlation of Pressure Distribution and Bearing Capacity.— —With a com- 
. a plete understanding « of the nature of the stresses imposed on a | body of soil F 


_ by - foundation loads, it is possible to correlate these stresses with ‘the resis- 


— tance developed by the soil and to isolate those factors which must be. measured 


a * in order to evaluate the bearing value of the soil. It is apparent from the 
4 


ae of pressure e distribution that two, separate stress reactions are ‘involved | 
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may be expressed by the following ‘straight- ‘equation. 
oped in connection with ‘Fig. 7 is: valid for constant of a third 


bearing pene, in n pounds per ‘square foot m= ‘perimeter _ 
in square 
feet ‘and, n = developed pressure, in n pounds per square foot. : 
The developed "pressure, n, 18 the summation of all the increments of 
pressure developed by soil mass and designated as Nay May and Ne in 
‘discussion. 1 the purpose of interpreting load tests on soil, 
is not necessary to measure the separate effects although | the subdivision is” 
in some other respects. The developed pressure is the source of he 
ajor part of the bearing capacity in practical design, the effect of perimeter — 
shear being small for large bearing areas with small perimeter- area ratios. a, Bh, 
~The perimeter shear” is an important factor, however, in the usual sizes” 
of bearing areas for testing purposes and, 7 unless it is is properly evaluated, — 
tests cannot be used to. determine the supporting value of | large foundations. 
The perimeter shear, m, is expressed in terms of a concentrated force ‘per 
unit length of the perimeter because the boundary effects, either positive or 


-~negative, involve irreg ularities in the distribution of shearing a the 
planes which have re not been analysis. 


the shearing stress on ‘the perimeter planes 
‘is in lateral of pressure which controls the depth | affected 
by the surface loa load. Th The larger the a area the greater the depth required for 
distribution and, , consequently, the greater ‘the settlement for any given inten- 
of bearing “pressure. This leads to the familiar statement that the 
- settlement for for | a given intensity of pressure is is | proportional to the diameter — 
of the bearing area. ~ Conversely stated, it may be said that for a constant * 


the bearing pressure is inversely proportional to the diameter, 


or that it is proportional to the perimeter- area ratio. 7 his statement is ae . y 


rect in so far one type. of reaction is “concerned, but, it ignores” the fact 


ee developed pressure is an important factor in in the bearing capacity and wee : 


“ to some degree independent of the stress reaction at t the boundary. a ere 
= 


£ In addition to the ‘primary boundary stresses, there are stress 
appear to be independent of the width a the 
area and are rather | a function of of rigidity of the bearing area, or as in granu- | 
lar materials, ar are controlled by a lack of resistance to lateral displacement. 

t appears ‘impossible’ at present to measure these boundary st stresses except 
of a 


"straight-line 
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ent sizes vat bearing area to a satisfactory degree of accuracy within a range 
of size for which the secondary bour ndary effects are similar. However, due 
to a change in _ boundary conditions, load tests: of bearing areas of somewhat 

less” than 1 sq ft do not conform the linear’ equation for larger plates. 
Although the reasons | for this discontinuity ar are not t completely exposed by 
present data it appears to be due to the secondary boundary reaction which i is 
poe opera of the width of the bearing area for the larger test sizes. In the 
smaller sizes the s secondary boundary effects from opposite sides of the area 


overlap, and failure takes place due to lateral ‘displacement before the | 


supporting value of the soil can be developed. In both cases, however, the 
only fector affected is the e boundary stress or seeatinieibie - shear, ; and the analysis 


of tests indicates that the developed pressure remains the same for all sizes of 
id bearing areas. Until further investigation has been made, it appears desir- 


to avoid the discontinuities referred to and this may be done by the 
"proper selection of test sizes. _ When this procedure j is followed, the — 
line equation. is valid and furnishes a reliable determination of soil resistance. 


Conclusion. —In this discussion limited space does not permit of a more 
elaboration of the conceptions of soil resistance herein presented, 


a equation has been ‘developed with 
in which were applied to the actual design of 


_ structures.® Examples of a number of series of load tests are available in 
which the factors of soil resistance have been evaluated successfully” yy Some 


_ Progress has been made in developing a method of ‘Ineasuring the resistance 
. ae cohesive soils and correlating the cohesion or shearing resistance with the 
concentration of pressure beneath a loaded area, which has been emphasized 
exactly, soil lise 


“localities. “The difficult to-day, in all this development, is for 

he investigators themselves, t to say nothing» of others who are interested, 
to find an apportunity to engage in a free exchange of ideas which is essential 
real progress. is seldom that a paper as comprehensive : and thorough 
that presented by the author is available for discussion, and in providing this: 

_ opportunity Mr. Cummings has made a contribution of double value to the 


between the wide range of dom gathered by Mr. and 
the hypothesis c of stress distribution in sand attributed to Professors ‘Griffith | 
and Fréhlich is quite remarkable. It seems that the experimental data are 


_ “Bearing Value of Clay is Determinable’’, News- Record February 23, 


ad “Bearing Capacity of Clay”, Engineering tek Record, September 19, 1935, p. 408. 
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limited to measurements at depths of Jess tH than 5 x and in all but cat, 


cases at depths | s of 3 ft or less. Te: appears that depths, 


: give, for a ratio. of depth to of plate of approx 9, for depths 
of 60 i in. _ and 36 in., , the respective values of ‘pressure as 2. 5% and 3. 5% of the — 
gain 
‘intensity of load applied. ‘Thus, » it seems that n possibly decreases ie 


thedepte 
ee: does not appear oo be convenient to consider a varying stale of n in 
the equations given by the author. However, other empirical relations may 


be found by which it is possible to take into account the change in properties: - ‘wes 


of the sand with depth and alto to account for the proper effect near the 
= A simple m method which the wr writer — devised seems | to offer certain a advan- 
tages. consists, briefly, in transforming the depth | of the | given 
f in an arbitrary manner, tee transformation depending only | on the depth, and — 


‘taken as acting at the corresponding untransformed depth and will cre We Be 

statical equilibrium. Statically possible. stresses in other directions may be 
determined as well, but it is not necessary to discuss this matter herein. brs, and ae 
= Let tl the depth to a given horizontal plane in the given material be denoted — 


by, ‘ky and the depth after r transformation by h. Assume that each element _ a? 
of de, i is to be transformed med by 1 the relation, 


a dh = = 
in 


as the stress. computed for a of n. 
mt 


af 
general, the stress for a a particular v value of n that for 


value of given by Equation (28) will not be the same. However, the differ- 
will | be very small, it apparently must be, since the volumes under 2 


each of ‘the stress “surfaces are ‘the center heights are > equal, and 
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: f f = 3, n = 6, and for a constant 


for varying values of are n0 more dificult ‘than for 

Furthermore, all existing tables, coefficients, 


The entire process is essentially the same as a change in the scale of of depth, : 
agreement with the experiments cited by 1 the author will also be 


- obtained by use of a transformed depth. For example, i in Fig. 4, curves corre- 
- sponding to ‘Cases II and IV may be obtained from Cases I and III by trans- 


: 


quently, will fit the experimental data as well. 
_ Approximate solutions of of problems similar to ‘those baa i the author 


may also be obtained by various” depth transformations. Pressure ‘distribu- 
tion through sand to pop or of sand a and clay, might 


“experimental data upon 
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